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Preface

This handbook supplies a collection of mathematical formulas and tables which will be valuable to students and
research workers in the fields of mathematics, physics, engineering, and other sciences. Care has been taken to
include only those formulas and tables which are most likely to be needed in practice, rather than highly spe-
cialized results which are rarely used. It is a “user-friendly”” handbook with material mostly rooted in university
mathematics and scientific courses. In fact, the first edition can already be found in many libraries and offices,
and it most likely has moved with the owners from office to office since their college times. Thus, this handbook
has survived the test of time (while most other college texts have been thrown away).

This new edition maintains the same spirit as previous editions, with the following changes. First of all,
we have deleted some out-of-date tables which can now be easily obtained from a simple calculator, and we
have deleted some rarely used formulas. The main change is that sections on Probability and Random Variables
have been expanded with new material. These sections appear in both the physical and social sciences, including
education. There are also two new sections: Section XIII on Turing Machines and Section XIV on Mathematical
Finance.

Topics covered range from elementary to advanced. Elementary topics include those from algebra, geom-
etry, trigonometry, analytic geometry, probability and statistics, and calculus. Advanced topics include those
from differential equations, numerical analysis, and vector analysis, such as Fourier series, gamma and beta
functions, Bessel and Legendre functions, Fourier and Laplace transforms, and elliptic and other special func-
tions of importance. This wide coverage of topics has been adopted to provide, within a single volume, most of
the important mathematical results needed by student and research workers, regardless of their particular field
of interest or level of attainment.

The book is divided into two main parts. Part A presents mathematical formulas together with other mate-
rial, such as definitions, theorems, graphs, diagrams, etc., essential for proper understanding and application of
the formulas. Part B presents the numerical tables. These tables include basic statistical distributions (normal,
Student’s 7, chi-square, etc.), advanced functions (Bessel, Legendre, elliptic, etc.), and financial functions (com-
pound and present value of an amount, and annuity).

McGraw-Hill Education wishes to thank the various authors and publishers—for example, the Literary
Executor of the late Sir Ronald A. Fisher, ER.S., Dr. Frank Yates, F.R.S., and Oliver and Boyd Ltd., Edinburgh,
for Table III of their book Statistical Tables for Biological, Agricultural and Medical Research—who gave their
permission to adapt data from their books for use in several tables in this handbook. Appropriate references to
such sources are given below the corresponding tables.

Finally, I wish to thank the staff of McGraw-Hill Education Schaum’s Outline Series, especially Diane
Grayson, for their unfailing cooperation.

SEYMOUR LIPSCHUTZ
Temple University
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Section I: Elementary Constants, Products, Formulas

1 GREEK ALPHABET and SPECIAL CONSTANTS

Greek Alphabet

Greek Greek letter Greek Greek letter
fame Lower case Capital fame Lower case Capital
Alpha a A Nu 1% N
Beta B Xi E
Gamma Y r Omicron 0 (0]
Delta o A Pi T IT
Epsilon € E Rho P P
Zeta 4 V4 Sigma o h2
Eta n H Tau T T
Theta 0 O] Upsilon () Y
Iota l I Phi [0} oD
Kappa K K Chi X X
Lambda A A Psi v v
Mu u M Omega w Q

Special Constants

1.1. 7©=3.14159 26535 89793 ...

1.2. e=2.71828 18284 59045 ... :lim(1+lj

n—oo n

= natural base of logarithms

1.3. y=0.57721 56649 01532 86060 6512 ... = Euler’s constant

n—oo n

:lim(1+l+l+ +l—lnn)
2 3

14. " =1.78107 24179 90197 9852 ... [see 1.3]



4 GREEK ALPHABET AND SPECIAL CONSTANTS

1.5. Je=1.64872 12707 00128 1468 ...

1.6. Jr=T()=1.77245 38509 05516 02729 8167 ...
where I is the gamma function [see 25.1].

1.7. T($)=2.67893 85347 07748 ...
1.8. T'($)=3.62560 99082 21908 ...
1.9. 1 radian=180°/7r=57.29577 95130 8232 ...°

1.10. 1°=7x/180 radians = 0.01745 32925 19943 29576 92 ... radians



2 SPECIAL PRODUCTS and FACTORS

21, (x+y)Y=x"+2xy+y’
22, (x—y)Y=x"-2xy+y’
23, (x+y) =x"+3x7y+3xy* +y’
24. (x—y)y =x"-3x’y+3xy° -y’
2.5, (x+y)' =x"+4x’y+6x°y* +4xy’ +y*
2.6. (x—y)'=x"—4x’y+6x’y* —4dxy’ +y*
27. (x+y) =x"+5x'y+10x°y* +10x°y’ +5xy* +y°
28. (x—y) =x"-5x'y+10x’y* —10x°y’ +5xy* -y’
2.9. (x+y)°=x"+6x"y+15x"y* +20x’y’ +15x°y* + 6xy° +y°
2.10. (x—y)° =x°—6x"y+15x*y* —20x7y’ +15x°y* —6xy” +y°
The results 2.1 to 2.10 above are special cases of the binomial formula [see 3.3].
211, X’ -y =(x-y)x+y)
212, X’ -y =(x— )’ +xy+y’)
213, X4y =(x+ ) —xy+y?)
214, x'—y'=(x-y)x+y)E*+y7)
215. X’ =y =(x—-y) +xy+x7y +xy’ +yh)
216. X’ +y =(x+ ) =2 y+x*y  —xy’ +yh)

217, x* =" =(x—yx+ Y +xy+ ¥ —xy+y?)



6 SPECIAL PRODUCTS AND FACTORS

218, x*+x 4yt =P+ + Y —xy+y?)

219, x*+4yt = (7 +2xy+2y")(x7 = 2xy+2y°)

Some generalizations of the above are given by the following results where # is a positive integer.

2.20. x2n+l _ y2n+1 — (x _ y)(x2n +x2n71y+x2n72y2 Foeet yZn)

2 4
=(x—y)(x2—2xycos i +y2)(x2—2xycos T +y2j
2n+1 2n+1

2
---(xz —2xycos—& +y2)
2n+1

2.21. x2n+l +y2n+1 — (x+y)(x2n _x2n71y+x2n72y2 _+y2n)
2 4
=(x+y)(x2+2xycos T +y2)(x2+2xycos T +y2j
2n+1 2n+1

2
-'-(xz +2xycos— = +y2)
2n+1

2.22. x2n _ y2n — (x _ y)(x + y)(xnfl + xn72y+ xn73y2 + _“)(xnfl _ xn72y+xn73y2 .. )

2
= (x—y)(x+y)(x2 —2xycos£+y2)(x2 —2xycos—”+y2]
n n

---(xz —2xycos (n—bm +y2)
n

3
223, x"+y" = (xz +2xycos— + yzj(xz +2xycos 2+ yz)
2n 2n

2n—1
---(xz +2xycosu+y2)
2n



3 THE BINOMIAL FORMULA and BINOMIAL
COEFFICIENTS

Factorial n

Forn=1,2,3, ..., factorial n or n factorial is denoted and defined by
3.1. n!'=nn-1)---- 3.-2-1
Zero factorial is defined by

32. 0'=1
Alternately, n factorial can be defined recursively by

00=1 and nl'=n-(n-1)

EXAMPLE: 4!=4-3.2.1=24,
51=5-4.3.2-1=5-41=504) =120,
6!=6-5!=6(120) = 720

Binomial Formula for Positive Integral n

Forn=1,2,3, ...,

-1 -DH(n-2
33, (x+y)=x" +nx"71y+%x"72y2 +%x"’3y3 ety

This is called the binomial formula. It can be extended to other values of n, and also to an infinite series
[see 22.4].

EXAMPLE:
(@) (a-2b)" =a* +4a’(2b)+6a*(-2b)* + 4a(-2b)’ + (-2b)" =a®* —8a’b +24a’b* — 32ab’ +16b*
Here x =a and y =-2b.

(b) See Fig. 3-1a.

Binomial Coefficients

Formula 3.3 can be rewritten in the form

3.4. (x+y)n zxn + n xn—1y+ n xn—2y2 + n xn—3y3 Feee gt n yn
1 2 3 n



8 THE BINOMIAL FORMULA AND BINOMIAL COEFFICIENTS

where the coefficients, called binomial coefficients, are given by

A5 (n)_n(n—l)(n—2)---(n—k+1)_ n! _( n )
RV k! “kn—k! \n—k

9y 9-8.7-6 (12) 12:11-10-9-8 (10) (10) 10-9-8
; =200 9, 22090 gy ~(10)2 ~120
EXAMPLE (4) 1.2-3-4 5)7 12345 7)°\3)" 123

Note that (n) has exactly r factors in both the numerator and the denominator.
r

The binomial coefficients may be arranged in a triangular array of numbers, called Pascal’s triangle, as
shown in Fig. 3-1b. The triangle has the following two properties:

(1) The first and last number in each row is 1.

(2) Every other number in the array can be obtained by adding the two numbers appearing directly above
it. For example

10=4+6, 15=5+10, 20=10+10

Property (2) may be stated as follows:

&&(3+&ZJ:&13

(@a+b)’= 1 1
(@a+b)'= a+b 11
(a+b)’= a*+2ab+b 121
(a+b)’= a +3a%b+3ab® + b3 13 31
(a+b)'=  a* +4a’b + 6a’b? + 4ab® + b* 1 4 6 41
(a+b)°=  a* +5a*b + 10a°b? + 10a2b® + 5ab* + b° 1 510 51
(@a+b)°=  a®+6a%b + 15a*b? + 20a°b> + 15a%b* + 6ab’ + bS 16 20 15 6 1
(a) (b)
Fig. 31

Properties of Binomial Coefficients

The following lists additional properties of the binomial coefficients:

sr. ()« (1)+(3) e (1) -2
3.8, (’8) - (’1‘) + @ oy (Z) o
s, (1) () (1) ) < ()
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3.10. (
3.11. (
3.12. (
3.13. (

3.14. (1)

315. D (T) -2 (;) +(3) (g) — e (=1 (n) (Z) -0

Multinomial Formula

Letn,n,, ....,n be nonnegative integers such that n, + n, +---+n, = n. Then the following expression, called
a multinomial coefficient, is defined as follows:

n n!
.16. =
3.16 n,ny,e. ) plnl--n)

7). 7 910 8 _ s — 420
EXAMPLE: 123 2175312177 (4,2,2,0) " 41212101

The name multinomial coefficient comes from the following formula:

where the sum, denoted by X, is taken over all possible multinomial coefficients.



4 COMPLEX NUMBERS

Definitions Involving Complex Numbers

A complex number z is generally written in the form
z=a+bi

where a and b are real numbers and i, called the imaginary unit, has the property that i> = —1. The real num-
bers a and b are called the real and imaginary parts of z = a + bi, respectively.
The complex conjugate of z is denoted by 7; it is defined by

a+bi=a-bi

Thus, a + bi and a — bi are conjugates of each other.

Equality of Complex Numbers

41. a+bi=c+di if and only if a=candb=d

Arithmetic of Complex Numbers

Formulas for the addition, subtraction, multiplication, and division of complex numbers follow:
4.2. (a+bi)+(c+di)=(a+c)+(b+d)i
4.3. (a+bi)—(c+di)=(a—c)+(b—d)i

4.4. (a+bi)(c+di)=(ac—bd)+ (ad+ bc)i

45 a+bi _a+bi c—di _ac+bd (bc—ad)_

. - @ ) 2 2 2 l
c+di c+di c—di c¢ +d c +d

Note that the above operations are obtained by using the ordinary rules of algebra and replacing i*> by —1
wherever it occurs.

EXAMPLE: Suppose z =2+ 3i and w =35 —2i. Then

z+w=02+3D)+(5-20)=2+5+3i-2i=T+i
w=2+3)(5-2i)=10+15i—4i—6i> =16+11i
7=2+3i=2-3iand w=5-2i=5+2i
w_5-2i (5-2)(2-3i)_4-19i 4 19,

= = = 1
7 2430 (2+3)2-3)) 13 13 13

10



COMPLEX NUMBERS 11

Complex Plane

Real numbers can be represented by the points on a line, called the real line, and, similarly, complex num-
bers can be represented by points in the plane, called the Argand diagram or Gaussian plane or, simply, the
complex plane. Specifically, we let the point (a, b) in the plane represent the complex number z = a + bi. For
example, the point P in Fig. 4-1 represents the complex number z = -3 + 4i. The complex number can also
be interpreted as a vector from the origin O to the point P.

The absolute value of a complex number z = a + bi, written | z1, is defined as follows:

4.6. lzl=va’+b* =JzZ

We note | z | is the distance from the origin O to the point z in the complex plane.

po___] y

| ) 'y pl@w

l g (r,0)

| ] r

| y
T — 0| T x '}

] 0 x i
P=(-3,4)=-3+4i
Fig. 4-1 Fig. 4-2

Polar Form of Complex Numbers

The point P in Fig. 4-2 with coordinates (x, y) represents the complex number z=x+1iy. The point P can
also be represented by polar coordinates (r, 8). Since x =r cos 6 and y = r sin 0, we have

4.7. z=x+iy=r(cosf+isinh)

called the polar form of the complex number. We often call r=1z|=+/x*+y* the modulus and 6 the
amplitude of 7 =x + iy.

Multiplication and Division of Complex Numbers in Polar Form

4.8. [r,(cosB, +isinb,)][r,(cosB, +isinb,)] = rr,[cos(6, +0,)+isin(6, +6,)]

}"](C059| +181n91) — i[COS(Gl —92)+iSin(91 _92)]

4.9. - =
r,(cosB, +isin@,) r,

De Moivre’s Theorem

For any real number p, De Moivre’s theorem states that

4.10. [r(cos@+isinB)])” =r”(cos p@+isin pO)



12 COMPLEX NUMBERS

Roots of Complex Numbers

Let p = 1/n where n is any positive integer. Then 4.10 can be written

+181n
n n

4.11. [F(COSG+isin9)]"":rlfn(cose+2k7r . 0+2kn)

where k is any integer. From this formula, all the nth roots of a complex number can be obtained by putting
k=0,1,2,...,n—-1.



5 SOLUTIONS of ALGEBRAIC EQUATIONS

Quadratic Equation: ax*> +bx+c=0

_ —b+b* —dac
2a

If a, b, ¢ are real and if D = b* — 4ac is the discriminant, then the roots are

5.1. Solutions: X

(i) real and unequal if D >0
(ii) real and equal if D=0
(ii1) complex conjugate if D <0

5.2. If x, x, are the roots, then x, + x, = —b/a and x x, = c/a.

Cubic Equation: x’ +a,x’ +a,x+a,=0

_ 42
2 al

Let 0=

9 54
S=3IR+JO'+R>, T=3IR-O'+R

_ 9a,a, —27a, — 2a;

R

il

where ST =- Q.

x,=8+T—-3q,
5.3. Solutions: X, =—3(8+T)-1q, +1i3(S-T)
Xy =—4(S+T)—4a, —4iN3(S-T)

Ifa,, a,, a,, are real and if D = Q° + R* is the discriminant, then

(i) oneroot is real and two are complex conjugate if D > 0
(i1) all roots are real and at least two are equal if D =0
(iii) all roots are real and unequal if D < 0.

If D < 0, computation is simplified by use of trigonometry.

5.4. Solutions:

x, =2-0cos(30)-1aq,
if D<0: <x,=2-0cos(30+120° —1gq,
X, =24—0 cos(30+240° —1a

where cos = R\/-0’°

13



14 SOLUTIONS OF ALGEBRAIC EQUATIONS

S5, X tx, txy=—a, XX, XX XX, =a,, XXX, =—a,

where x , x,, x, are the three roots.

Quartic Equation: x* +a,x’ +a,x* +a,x+a, =0

Let y, be a real root of the following cubic equation:
56. y'-a,y’ +(aa,—4a,)y+(4a,a,—a; —ala,)=0

The four roots of the quartic equation are the four roots of the following equation:

5.7. zzwL%(clli\/af—4a2+4y1 )z+%(y1$,/y12—4a4 )=O

Suppose that all roots of 5.6 are real; then computation is simplified by using the particular real root that
produces all real coefficients in the quadratic equation 5.7.

X+ X, Xy +x, =—a,
sg XXy + X,X5 + Xy X, + X, X + X, X5+ XX, = a,

XXy Xy + Xy X3 X, + XXX, + X, XX, = —al,

XX, X3X, = X,

where x , x,, x,, x, are the four roots.



6 CONVERSION FACTORS

Length

Area

Volume

Mass

Speed

Density

Force

Energy

Power

Pressure

1 kilometer (km)
1 meter (m)

1 centimeter (cm) =102m
1 millimeter (mm) =102 m
1 micron (1) =10°m
1 millimicron (mg) =10 m
1 angstrom (A) =10""m

1 square meter (m?) = 10.76 ft?

= 1000 meters (m)
= 100 centimeters (cm)

linch (in) =2.540cm
1 foot (ft) =30.48 cm
1 mile (mi) =1.609 km
1 millimeter = 107 in

1 centimeter =0.3937 in
1 meter =39.37in

1 kilometer = 0.6214 mi

1 square mile (mi?) = 640 acres

1 square foot (ft2) =929 cm? 1 acre =43,560 ft?

1 liter (/) = 1000 cm? = 1.057 quart (qt) = 61.02 in* = 0.03532 ft*

1 cubic meter (m?) = 1000 [ = 35.32 ft?

1 cubic foot (ft) = 7.481 U.S. gal =0.02832 m* =28.32 ]

1 U.S. gallon (gal) = 231 in® = 3.785 [; 1 British gallon = 1.201 U.S. gallon =277.4 in?

1 kilogram (kg) = 2.2046 pounds (Ib) = 0.06852 slug; 1 1b =453.6 gm = 0.03108 slug
1 slug=32.1741b = 14.59 kg

1 km/hr = 0.2778 m/sec = 0.6214 mi/hr = 0.9113 ft/sec
1 mi/hr = 1.467 ft/sec = 1.609 km/hr = 0.4470 m/sec

1 gm/cm?® = 10° kg/m® = 62.43 1b/ft* = 1.940 slug/ft*
1 Ib/f? = 0.01602 gm/cm?; 1 slug/ft* = 0.5154 gm/cm?

1 newton (nt) = 10° dynes = 0.1020 kgwt = 0.2248 Ibwt

1 pound weight (Ibwt) = 4.448 nt = 0.4536 kgwt = 32.17 poundals

1 kilogram weight (kgwt) = 2.205 Ibwt = 9.807 nt

1 U.S. short ton = 2000 Ibwt; 1 long ton = 2240 Ibwt; 1 metric ton = 2205 lbwt

1 joule = 1 nt m = 107 ergs = 0.7376 ft lbwt = 0.2389 cal =9.481 x 10~ Btu
1 ft Ibwt = 1.356 joules = 0.3239 cal = 1.285 x 10 Btu

1 calorie (cal) = 4.186 joules = 3.087 ft Ibwt = 3.968 x 10~ Btu

1 Btu (British thermal unit) = 778 ft Ibwt = 1055 joules = 0.293 watt hr

1 kilowatt hour (kw hr) = 3.60 x 10° joules = 860.0 kcal = 3413 Btu

1 electron volt (ev) = 1.602 x 107" joule

1 watt = 1 joule/sec = 107 ergs/sec = 0.2389 cal/sec
1 horsepower (hp) = 550 ft Ibwt/sec = 33,000 ft Ibwt/min = 745.7 watts
1 kilowatt (kw) = 1.341 hp = 737.6 ft Ibwt/sec = 0.9483 Btu/sec

1 nt/m? = 10 dynes/cm? = 9.869 x 10~° atmosphere = 2.089 x 1072 Ibwt/ft>
1 Ibwt/in? = 6895 nt/m*=5.171 cm mercury = 27.68 in water
1 atm = 1.013 x 10° nt/m? = 1.013 x 10° dynes/cm? = 14.70 lbwt/in?

=76 cm mercury = 406.8 in water
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Section Il: Geometry

7 GEOMETRIC FORMULAS

Rectangle of Length b and Width a
7.1. Area=ab

7.2. Perimeter = 2a + 2b

b
Fig. 7-1
Parallelogram of Altitude 2 and Base b
7.3. Area=bh=ab sin0
|
7.4. Perimeter = 2a + 2b WARDS
o |
i
b
Fig. 7-2

Triangle of Altitude # and Base b
7.5. Area =1ph=1ab sinb

= \/s(s —a)(s=b)(s—c)

where s=1(a + b + ¢) = semiperimeter

|
|
|
|
|
|
|
|
|
|
i

7.6. Perimeter=a+b+c Fig. 7-3

Trapezoid of Altitude % and Parallel Sides a and b

7.7. Area =Lh(a+b) =
i
1 1 |
7.8. Perimeter =a + b + h(—e + —) :h
sin sing o i ¢
=a+ b+ h(cscO +cscy) ) 3

16



GEOMETRIC FORMUL AS 17

Regular Polygon of n Sides Each of Length b

cos(m/ b
7.9. Area =1inb’ cot™ = inb’ M
n sin(7t/n)
7.10. Perimeter = nb
Fig. 7-5

Circle of Radius r

7.11. Area=

7.12. Perimeter = 27r

Fig. 7-6

Sector of Circle of Radius r
7.13. Area=1r°0 [0in radians]

7.14. Arc length s =r60

Radius of Circle Inscribed in a Triangle of Sides a, b, ¢

715, y— \/s(s —a)(s—b)(s—c)
s

where s =% (a + b + ¢) = semiperimeter.

Radius of Circle Circumscribing a Triangle of Sides a, b, ¢

abc

k= 4\/s(s —a)s—b)(s—c) /%
where s=73(a + b + ¢) = semiperimeter.

7.16.




18 GEOMETRIC FORMUL AS

Regular Polygon of n Sides Inscribed in Circle of Radius r

2 o
7.17. Area =inr’ sin =% = 1nr? sin 360
n n

o

. . T .
7.18. Perimeter = 2nr sin— = 2nr sin

\
)

=~ XX\
AN

n n
X~
Fig. 7-10
Regular Polygon of n Sides Circumscribing a Circle of Radius r
7.19. Area =nr’ tan’ = nr? tan 180° TN

n n

o

. b4
7.20. Perimeter = 2nrtan— = 2nr tan

ol
g

n n N\ 7/
Fig. 7-11
Segment of Circle of Radius r
7.21. Area of shaded part =1r°(8—sin6) TN
O
Fig. 7-12

Ellipse of Semi-major Axis a and Semi-minor Axis b

7.22. Area= mab

nl

2
7.23. Perimeter = 4aJ 1-k*sin*0 dO

0

=2m,/3(a* + b*) [approximately]

where k =+va*>—b’la. See Table 29 for numerical values.

Segment of a Parabola

1)
\

Fig. 7-13

7.24. Area=3ab

a b

b2 4a+.,/b* +164°
7.25. Arc length ABC =1,/b° + 16a” + < In {—

£S
>. &

T

X
Q

Fig. 7-14



GEOMETRIC FORMUL AS 19

Rectangular Parallelepiped of Length a, Height b, Width ¢
7.26. Volume = abc

7.27. Surface area = 2(ab + ac + bc) 4

Parallelepiped of Cross-sectional Area A and Height &
7.28. Volume = Ah = abc sinfO

Fig. 7-16

Sphere of Radius r

4 3
7.29. Volume =§TU’

7.30. Surface area = 4mr?

Fig. 7-17

Right Circular Cylinder of Radius r and Height i
7.31. Volume = 7r’h

7.32. Lateral surface area = 27rh

Fig. 7-18

Circular Cylinder of Radius r and Slant Height /
7.33. Volume = 7r*h = 7r’l sin 0

- rh =2mrh cscO
sin@

7.34. Lateral surface area =27rl =
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Cylinder of Cross-sectional Area A and Slant Height /
7.35. Volume = Ah = Al sinf P

7.36. Lateral surface area = ph = pl sinf

Note that formulas 7.31 to 7.34 are special cases of formulas 7.35 and 7.36.

Fig. 7-20

Right Circular Cone of Radius r and Height i
7.37. Volume =i7r’h

7.38. Lateral surface area = zr./r*> + h> = trl

Pyramid of Base Area A and Height i
7.39. Volume =1 Ah

Spherical Cap of Radius r and Height i
7.40. Volume (shaded in figure) =1 7h*(3r—h)

7.41. Surface area=27xrh

Fig. 7-23

Frustum of Right Circular Cone of Radii a, b and Height h

7.42. Volume =1rxh(a® +ab+b)

7.43. Lateral surface area = m(a +b)\Jh> +(b—a)’
=rn(a+b)l

Fig. 7-24
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Spherical Triangle of Angles A, B, C on Sphere of Radius r
7.44. Area of triangle ABC= (A + B+ C — n)r?

Fig. 7-25

Torus of Inner Radius a and Outer Radius b
7.45. Volume =17°(a + b)(b—a)’

7.46. Surface area = w%(b> — a?)

Fig. 7-26

Ellipsoid of Semi-axes a, b, c

7.47. Volume = 3mabc

Fig. 727

Paraboloid of Revolution
7.48. Volume =1inb’a

Fig. 7-28



FORMULAS from PLANE ANALYTIC
GEOMETRY

Distance d Between Two Points P (x,, y,) and P,(x,, y,)

81. d=\(,—x)+(,-y) v

-

Slope m of Line Joining Two Points P (x,, y,) and P,(x,, y,)

82, m=2"2_tang

Xy =X

Equation of Line Joining Two Points P (x,, y,) and P,(x,, y,)

83, -h - nTh_, o y=y =m(x—x,)

X=X, X,—X
84. y=mx+b
XV~ XY,

where b=y, —mx, = is the intercept on the y axis, i.e., the y intercept.

2 1

Equation of Line in Terms of x Intercept a # 0 and y Intercept b = 0
85 42z
a b Y

a

Fig. 8-2

22



FORMULAS FROM PLANE ANALYTIC GEOMETRY

Normal Form for Equation of Line

23

8.6. xcosa+ysino=p

Y
where p = perpendicular distance from origin O to line
and «a=angle of inclination of perpendicular p,
with positive x axis. /
= x
Fig. 8-3
General Equation of Line
8.7. Ax+By+C=0
Distance from Point (x, y ) to Line Ax + By + C =0
gg Ax *By+C
+JA*+ B?
where the sign is chosen so that the distance is nonnegative.
Angle i Between Two Lines Having Slopes m, and m,
_m,—m
8.9. tany = T+ mom, y
Lines are parallel or coincident if and only if m =m,. slope 7
Lines are perpendicular if and only if m, = —1/m,. slope m;
x
Fig. 8-4

Area of Triangle with Vertices at (x, y ), (x,, y,), (x;, y,)

1 'x] yl
8.10. Area =%z X, ¥, 1
x, 0y, 1

1
= iE(’ﬁ)’z VX VX, = Xy = VX, — X))

where the sign is chosen so that the area is nonnegative.
If the area is zero, the points all lie on a line.

Fig. 85
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Transformation of Coordinates Involving Pure Translation

x=x"+x, X' =x-x, Y 1y’
8.11. , or , I
Y=yt Yy =YY= |
_________ leov)
where (x, y) are old coordinates (i.e., coordinates relative to xy 10’
system), (x’, y") are new coordinates (relative to x’, y” system), | .
and (x,, y,) are the coordinates of the new origin O’ relative 0 :
to the old xy coordinate system. |
Fig. 8-6
Transformation of Coordinates Involving Pure Rotation
x=x"cosa — y’sina x"=xcosa + ysino , Y
8.12 . , or 1, : N e
y=x"sino + y cos Y =ycosa —xsine \ -
\\ -
where the origins of the old [xy] and new [x"y’] coordinate \ -
systems are the same but the x” axis makes an angle o with \0~ v z
the positive x axis. - N
- \
Fig. 8-7
Transformation of Coordinates Involving Translation and Rotation
, ;. A Y ’
x=x"cosa —y’'sina +x, v . _-®
. , -
y=x"sina+y cosc +y, \ 7
8.13. : \o-
x'=(x—x,)cos0 +(y—y,)sinc ) /K(\zo.vo)
or
Y =-y,)cos0—(x—x,)sinx e A\ *
- (o) \
7
\
where the new origin O’ of x’y” coordinate system has \
coordinates (x,, y,) relative to the old xy coordinate Fig. 8-8
system and the x” axis makes an angle o with the
positive x axis.
Polar Coordinates (r, )
A point P can be located by rectangular coordinates (x, y) or polar
coordinates (7, 6). The transformation between these coordinates is v
as follows: P {(z. )
(r,6)
r
x=rcos@ r=x"+y’
8.14. 7 or Y o .
y=rsin@ 0 = tan”' (y/x) 0

Fig. 89
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Equation of Circle of Radius R, Center at (x, y,)
815. (x—x)+(@-y) =R

Yy
R
v
(IQ, ‘.'lo)
x
Fig. 8-10
Equation of Circle of Radius R Passing Through Origin
8.16. r=2R cos(0— ) y
where (r, ) are polar coordinates of any point on the
circle and (R, ) are polar coordinates of the center of
the circle.
(R, @)
R/
a
x
Fig. 8-11

Conics (Ellipse, Parabola, or Hyperbola)

If a point P moves so that its distance from a fixed point
(called the focus) divided by its distance from a fixed line
(called the directrix) is a constant € (called the eccentricity), |
then the curve described by P is called a conic (so-called {
because such curves can be obtained by intersecting a |
|
|

plane and a cone at different angles).
If the focus is chosen at origin O, the equation of a conic in

Q
p
T V{ 0 z
polar coordinates (r, ) is, if OQ = p and LM = D (see Fig. 8-12), Focus
8.17 P €D l
|
|

i
e T T T ecos® ~ T—ecosO Directrix | \
The conic is r_ D —

(i) anellipseife< 1
(i1) a parabolaife=1
(iii) a hyperbola if € > 1
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Ellipse with Center C(x,, y,) and Major Axis Parallel to x Axis

8.18. Length of major axis A’A =2a ’

8.19. Length of minor axis B'B = 2b

8.20. Distance from center C to focus F or F’ is

c=+a*-b’ B’

Yy
"

0 x
2 2
-b
8.21. Eccentricity =€ = cNa =2
a a Fig. 813
8.22. Equation in rectangular coordinates:
2 2
(x fO) Lo beO) 1
a
a’b?
. . . . . . 2 —
8.23. Equation in polar coordinates if Cis at O: r 520 +b7cos’ 0
a(l-€%)
8-24. Equation in polar coordinates if C is on x axis and F” is at O: r = ﬁ
—€cos

8.25. If P is any point on the ellipse, PF + PF’ =2a

If the major axis is parallel to the y axis, interchange x and y in the above or replace @by 37 —8 (or 90° — 6).

Parabola with Axis Parallel to x Axis

If vertex is at A (x,, y,) and the distance from A to focus F is a > 0, the equation of the parabola is
8.26. (y-y,)=4alx—x) if parabola opens to right (Fig. 8-14)

8.27. (y-y,)*=—4alx—x) if parabola opens to left (Fig. 8-15)

If focus is at the origin (Fig. 8-16), the equation in polar coordinates is

8.28 2
2O r=
1-cos@
Yy ] Yy
/
/
/ r//
A
a a a ]
A x
(2o, ¥o) F F (fo. Yo) 0
(0] \ x / 0 x
Fig. 814 Fig. 815 Fig. 816

In case the axis is parallel to the y axis, interchange x and y or replace 8 by 37 —8 (or 90° — 6).
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Hyperbola with Center C(x,, y,) and Major Axis Parallel to x Axis

,//H
7
e
7
/s
Ve
B s
7
Ve
N
Nlo”
AN A
s N
v N
N
BI
z
Fig. 817

8.29. Length of major axis A’A =2a
8.30. Length of minor axis B'B =2b
8.31. Distance from center C to focus F or F'=c=+a’ +b’

c  a*+b?

8.32. Eccentricity € = 7

a
2 2
X=X -
8.33. Equation in rectangular coordinates: ( o o) _ O bZO) =1
8.34. Slopes of asymptotes G’H and GH ’=i§
a’b’
8.35. Equation in polar coordinates if Cis at O: r* = — —
b cos"@—a sin" 0

o . o . ,. a(e’ —1)

8.36. Equation in polar coordinates if C is on x axis and F” is at O: r = T-ecosd

8.37. If P is any point on the hyperbola, PF — PF’ = +2a (depending on branch)

If the major axis is parallel to the y axis, interchange x and y in the above or replace 8 by 37 —6
(or 90° — 0).



9 SPECIAL PLANE CURVES

Lemniscate

9.1. Equation in polar coordinates:

r»=a*cos 20

9.2. Equation in rectangular coordinates:

(2 +y2)? = a?(x* — y?)

9.3. Angle between AB’ or A’B and x axis = 45° A S B

9.4. Area of one loop = a?

Cycloid
9.5. Equations in parametric form:
x=a(¢—sing) v
y=a(l—cos®)
9.6. Area of one arch = 3na? ! y \
P, ] 2a
P
O 2ra x
9.7. Arc length of one arch = 8a
This is a curve described by a point P on a circle of radius a Fig. 9.2

rolling along x axis.

Hypocycloid with Four Cusps

9.8. Equation in rectangular coordinates:

x2/3 + y2/3 — a2/3

9.9. Equations in parametric form:

{x =aqacos’0

y=asin’0

9.10. Area bounded by curve = 3 wa?

9.11. Arc length of entire curve = 6a

This is a curve described by a point P on a circle of radius
al4 as it rolls on the inside of a circle of radius a.

28
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Cardioid
9.12. Equation: r = 2a(1 + cos 6)

9.13. Area bounded by curve = 674>

9.14. Arc length of curve = 16a

This is the curve described by a point P of a circle of radius a
as it rolls on the outside of a fixed circle of radius a. The curve
is also a special case of the limacon of Pascal (see 9.32).

Fig. 9-4

Catenary

9.15. Equation: y= %(e"/“ +e ) =a cosh> A Y B
a
This is the curve in which a heavy uniform chain would hang if \/

suspended vertically from fixed points A and B. z

Three-Leaved Rose

9.16. Equation: r=a cos 360

The equation » = a sin 360 is a similar curve obtained by
rotating the curve of Fig. 9-6 counterclockwise through 30°
or 71/6 radians.

In general, r = a cos n@ or r = a sin n6 has n leaves if
n is odd.

Four-Leaved Rose

9.17. Equation: r=a cos 20

The equation » = a sin 260 is a similar curve obtained by
rotating the curve of Fig. 9-7 counterclockwise through 45°
or 71/4 radians.
In general, r = a cos n@ or r = a sin n6 has 2n leaves if n is even.

Fig. 9-7



30

Epicycloid

SPECIAL PLANE CURVES

9.18. Parametric equations:

x= (a+b)cos€—bcos(azb)9

y=(a+b)sinf—bsin (“Zb)e

This is the curve described by a point P on a circle of radius b
as it rolls on the outside of a circle of radius a.
The cardioid (Fig. 9-4) is a special case of an epicycloid.

General Hypocycloid

9.19. Parametric equations:

x=(a—b)cos¢ + bcos(a;qu)

y=(a—b)sin¢—bsin(a;b)¢

This is the curve described by a point P on a circle of radius b
as it rolls on the inside of a circle of radius a.
If b = a/4, the curve is that of Fig. 9-3.

Trochoid

—t—
~
-

x=ap—bsing

9.20. Parametric equations: { y=a—bcoso

This is the curve described by a point P at distance b from the center of a circle of radius a as the circle

rolls on the x axis.

If b < a, the curve is as shown in Fig. 9-10 and is called a curtate cycloid.

If b > a, the curve is as shown in Fig. 9-11 and is called a prolate cycloid.

If b = a, the curve is the cycloid of Fig. 9-2.

Fig. 9-10

Fig. 9-11
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Tractrix
=a(lncotL¢p—
9.21. Parametric equations: x=a(lncotz¢ = cosg) Y
y=asing p
a
This is the curve described by endpoint P of a taut string Ol d Q x
PQ of length a as the other end Q is moved along the x axis.
Fig. 9-12
Witch of Agnesi
. 1 . o 8
9.22. Equation in rectangular coordinates: y = i v

x=2a cotf

9.23. Parametric equations: {y — a(1- c0s26)

In Fig. 9-13 the variable line QA intersects y = 2a and the
circle of radius a with center (0, a) at A and B, respectively.

Any point P on the “witch” is located by constructing lines Fig. 913
parallel to the x and y axes through B and A, respectively, and
determining the point P of intersection.
Folium of Descartes
9.24. Equation in rectangular coordinates: Yy
X+ 33 =3axy N
N
N
9.25. Parametric equations: \\ O
x
_ dat ARY
1+7 \
N
3at® AN
y =
1+7 AN
Fig. 9-14

9.26. Area of loop = %az

9.27. Equation of asymptote: x +y+a =0

Involute of a Circle

9.28. Parametric equations:
x =a(cos¢ +@sing)
y=a(sing —¢cos®)

This is the curve described by the endpoint P of a string
as it unwinds from a circle of radius a while held taut.

—_—t~

Val /)\
QLA v

Fig. 9-15
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Evolute of an Ellipse

9.29. Equation in rectangular coordinates:

(ax)2/3 + (by)2/3 — (az _ b2)2/3

9.30. Parametric equations:

ax =(a*>-b*)cos*0
by =(a*-b?*)sin* 6

This curve is the envelope of the normals to the ellipse
x*a? + y*/b* = 1 shown dashed in Fig. 9-16.

Fig. 9-16

Ovals of Cassini

9.31. Polar equation: r* + a* — 2a** cos 260 = b*
This is the curve described by a point P such that the product of its distance from two fixed points

(distance 2a apart) is a constant b?.
The curve is as in Fig. 9-17 or Fig. 9-18 according as b < a or b > a, respectively.

If b = a, the curve is a lemniscate (Fig. 9-1).

Y

AR o
- \ -
> x

\ Y
SR S,

Fig. 9-17 Fig. 9-18

Limacon of Pascal

9.32. Polar equation: r=b + a cos 6

Let OQ be a line joining origin O to any point Q on a circle of diameter a passing through O. Then the

curve is the locus of all points P such that PQ = b.
The curve is as in Fig. 9-19 or Fig. 9-20 according as 2a > b > a or b < a, respectively. If b = a, the curve

is a cardioid (Fig. 9-4). If b = 2a, the curve is convex.

Fig. 9-19 Fig. 9-20
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Cissoid of Diocles

33

9.33. Equation in rectangular coordinates:

x2

2:—
2a — x

y

9.34. Parametric equations:

x=2asin’ 0

_ 2asin’6

cosf
This is the curve described by a point P such that the

distance OP = distance RS. It is used in the problem of Fig. 9-21
duplication of a cube, i.e., finding the side of a cube
which has twice the volume of a given cube.
Spiral of Archimedes
y

9.35. Polar equation: r=af




1 0 FORMULAS from SOLID ANALYTIC
GEOMETRY

Distance d Between Two Points P (x,,y,, z,) and P (x,, y,, z,)

101, d=J0,—x) + (-3 + @ -2, ’

P2 (xz, Y2» Zz)

Py (xp,y1,21)

A

N

Fig. 10-1

Direction Cosines of Line Joining Points P (x,y,z) and P,(x,, y,, z,)

10.2. [=cosqa = %

s

d

, mzcosﬁ:%, n=cosy =

where o, f3, yare the angles that line P,P, makes with the positive x, y, z axes, respectively, and d
is given by 10.1 (see Fig. 10-1).

Relationship Between Direction Cosines

10.3. cos’a+cos’B+cos’y=1 or >+m?*+n*=1

Direction Numbers

Numbers L, M, N, which are proportional to the direction cosines I, m, n, are called direction numbers. The
relationship between them is given by

L M N

—_——, m= . n=
J+ M? + N? \/LZ + M? + N? \/LZ + M? + N?

104. [=

Equations of Line Joining P (x,,y,, z,) and P (x,, y,, z,) in Standard Form

X=X _Y™h _ 274 or X=X _Y™h _27%

10.5.
Xy =X Yo = 37 [ m n

These are also valid if [, m, n are replaced by L, M, N, respectively.

34
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Equations of Line Joining P (x,, y, z,) and P (x,, y,, z,) in Parametric Form

10.6. x=x, +1t, y=y, +mt, z=z,+nt

These are also valid if [, m, n are replaced by L, M, N, respectively.

Angle ¢ Between Two Lines with Direction Cosines [, m ,n and [, m,, n,

10.7. cos¢ =L, +mm, +nn,

General Equation of a Plane
108. Ax+By+Cz+ D=0 (A, B, C, D are constants)

Equation of Plane Passing Through Points (x,,y,,z,), (x,, y,, 2,), (x;, ¥5, 2,)

X=X Y= 7%
109. | x,—x, »,—y 2,-% |=0
X=X V3N LBT%

or

LH=X ™Y
X3 =X Y37

o= L4 _
10.10. Yoy -z (x—x)+ (y=y)+ (z=z)=0

574 XX
LG8 XTX

Equation of Plane in Intercept Form

XY R
1011 —+p+-=1

where a, b, c are the intercepts on the x, y, z axes, respectively.

Fig. 10-2

Equations of Line Through (x, y , z,) and Perpendicular
toPlane Ax + By + Cz+ D =0

10.12. x;‘xo :y;yo :Z_CZO or x=x,+At, y=y,+Bt, z=2,+Ct

Note that the direction numbers for a line perpendicular to the plane Ax + By + Cz+ D =0 are
A, B, C.



36 FORMULAS FROM SOLID ANALYTIC GEOME TRY

Distance from Point (x,, y,, z,) to Plane Ax + By + Cz + D = 0
Ax, + By, +Cz,+D
i\/A2 +B*+C?

10.13.

where the sign is chosen so that the distance is nonnegative.

Normal Form for Equation of Plane

10.14. xcoso + ycos B + zcosy =p z

where p = perpendicular distance from O to plane at P
and o, B, yare angles between OP and positive x, y, z axes.

v, P
pl3
o7
o~ y
X
Fig. 10-3
Transformation of Coordinates Involving Pure Translation
x=x"+x, X' =x-x,
Z
1015, (Y=Y +y, or y=y-y, 2
I
z=272+2, 7’=2-2 X
. . . . : (X0» Yo» Z0)
where (x, y, z) are old coordinates (i.e., coordinates relative o y
to xyz system), (x’, y’, ) are new coordinates (relative to 7
x'y’z’ system) and (x, y,, z,) are the coordinates of the !
new origin O’ relative to the old xyz coordinate system. * y
0
X
Fig. 10-4
Transformation of Coordinates Involving Pure Rotation
x=lx"+Ly +17
10.16. y=mx"+m,y +mz’ . :
z=nx"+n,y +n,7’ \
\\ _ y'
X' =lx+my+nz R L7
or <Y =Lx+my+n,z % gl
Z=Lx+my+nz - y
1
where the origins of the xyz and x"y’z” systems are g
the same and ll, m,n; lz, m,, n,; L, m,, n, are the direction g
N N X 1x'

cosines of the x’, y',z” axes relative to the x, y, 7 axes,
respectively. Fig. 10-5
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Transformation of Coordinates Involving Translation and Rotation
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x=lx"+ Ly + Lz +x,
10.17. y=mx +m,y +mz’+y,
z=nx"+n,y +nz +z,
x':l](x—xo)-f— m(y—y)+n(z—2z,)
y’: lz(x_x0)+m2(y_y0)+n2(z_Zo)

or
Z/z 13(x_xo)+m3(y_y0)+n3(z_zo)

where the origin O’ of the x’y’z" system has coordinates
(X Yoo zO) relative to the xyz system and

Lymy,n;l,my, ny; L, my,n,
are the direction cosines of the x’, y’, 7" axes relative to

the x, y, z axes, respectively.

Cylindrical Coordinates (r, 6, z)

A point P can be located by cylindrical coordinates (7; 6, z)
(see Fig. 10-7) as well as rectangular coordinates (x, y, z).
The transformation between these coordinates is

r=yx’+y’

x=rcos@
10.18. Jy=rsin® or <@=tan"'(y/x)
2=z =2

Spherical Coordinates (r, 6, ¢)

A point P can be located by spherical coordinates (7, 6, @)
(see Fig. 10-8) as well as rectangular coordinates (x, y, z).

The transformation between those coordinates is

x =rsinfcos¢
10.19. y=rsinfsing
z=rcos@

r=x*+y*+z*

¢ =tan"'(y/x)

or
0 =cos(z/\[x*+ ¥y +2°)

. y
0 ]
! r
1X
Fig. 10-6
z
(x,¥,2)
d {(r, 62)
z
0
x ] r
———g——-
Fig. 10-7
(x5 2)
P16, 0)
Z
Fig. 10-8
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Equation of Sphere in Rectangular Coordinates
1020, (x=x)" + (=) +(z—2) =R’

where the sphere has center (X Yoo Z0) and radius R.

Fig. 10-9

Equation of Sphere in Cylindrical Coordinates

10.21.  r° =2r,rcos(@—6,)+1; +(z—2,)° =R’
where the sphere has center (r, 90, Z,) in cylindrical coordinates and radius R.

If the center is at the origin the equation is

10.22. " +77 =R’

Equation of Sphere in Spherical Coordinates

10.23.  r*+ 1} —2r, rsin@sinf, cos(¢ —¢,) = R*
where the sphere has center (r,, 6,, ¢,) in spherical coordinates and radius R.

If the center is at the origin the equation is

10.24. r=R

Equation of Ellipsoid with Center (x, y, z,) and Semi-axes a, b, ¢

(x—xy)* +(y—yo)2 +(z—zo)2 _

Fig. 10-10
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Elliptic Cylinder with Axis as z Axis

39

xZ y2
10.26. ? + F =1

where a, b are semi-axes of elliptic cross-section.
If b = a it becomes a circular cylinder of radius a.

Elliptic Cone with Axis as z Axis

Fig. 10-11

x2 y2 ZZ
L

a c?

Hyperboloid of One Sheet

Fig. 10-12

x2 y2 ZZ
10.28. ?4'?——2:1

9}

Hyperboloid of Two Sheets

Fig. 10-13

Fig. 10-14
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Elliptic Paraboloid

x2 y2 z
1030, £ 2=

a

Fig. 10-15

Hyperbolic Paraboloid

1031, X_Y_z z
a:? b* ¢

Note orientation of axes in Fig. 10-16.

Fig. 10-16



1 1 SPECIAL MOMENTS of INERTIA

The table below shows the moments of inertia of various rigid bodies of mass M. In all cases it is assumed
the body has uniform (i.e., constant) density.

TYPE OF RIGID BODY MOMENT OF INERTIA

11.1. Thin rod of length a

(a) about axis perpendicular to the rod through the center L Ma®
of mass
(b) about axis perpendicular to the rod through one end 1 Ma?

11.2. Rectangular parallelepiped with sides a, b, ¢

(a) about axis parallel to ¢ and through center of face ab L M(a*+b?)

(b) about axis through center of face bc and parallel to ¢ SM4a® +b?)

11.3. Thin rectangular plate with sides a, b

(a) about axis perpendicular to the plate through center L M(a*+b?)

(b) about axis parallel to side b through center +Ma?

11.4. Circular cylinder of radius a and height &

(a) about axis of cylinder I Ma*

(b) about axis through center of mass and perpendicular to LM +3a%)
cylindrical axis

(©) about axis coinciding with diameter at one end S MA4h* +3a?)

11.5. Hollow circular cylinder of outer radius a, inner radius

b and height h
(a) about axis of cylinder IM(a* +b?)
(b) about axis through center of mass and perpendicular to +=M@Ba® +3b* + h?)

cylindrical axis

(c) about axis coinciding with diameter at one end = M(3a*+3b* +4h?)

11.6. Circular plate of radius a

(a) about axis perpendicular to plate through center IMa®

(b) about axis coinciding with a diameter I Ma?

41
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SPECIAL MOMENTS OF INERTIA

11.7.  Hollow circular plate or ring with outer radius a and
inner radius b

(a) about axis perpendicular to plane of plate through center IM(a® +b?)

(b) about axis coinciding with a diameter LM (a*+b?)

11.8.  Thin circular ring of radius a

(a) about axis perpendicular to plane of ring through center Ma?

(b) about axis coinciding with diameter Ma®

11.9.  Sphere of radius a

(a) about axis coinciding with a diameter %Ma2

(b) about axis tangent to the surface I Ma?

11.10. Hollow sphere of outer radius a and inner radius b

(a) about axis coinciding with a diameter 2M(a® - b/ (a® - b*)

(b) about axis tangent to the surface IM(a® - b)(a@® - b*)+ Ma?

11.11. Hollow spherical shell of radius a

(a) about axis coinciding with a diameter 1 Ma?

(b) about axis tangent to the surface 2 Ma?

11.12. Ellipsoid with semi-axes a, b, ¢

(a) about axis coinciding with semi-axis ¢ T M(a*+b?)

(b) about axis tangent to surface, parallel to semi-axis ¢ L1 M(6a* +b?)
and at distance a from center

11.13. Circular cone of radius a and height /

(a) about axis of cone & Ma?

(b) about axis through vertex and perpendicular to axis 5 M(a* +4h?)

(c) about axis through center of mass and perpendicular =M4a*+h?)
to axis

11.14. Torus with outer radius a and inner radius b

(a) about axis through center of mass and perpendicular LM (7a* —6ab + 3b?)
to the plane of torus

(b) about axis through center of mass and in the plane of LM ©Oa® —10ab + 5b?)

torus




Section lll: Elementary Transcendental Functions

1 2 TRIGONOMETRIC FUNCTIONS

Definition of Trigonometric Functions for a Right Triangle

Triangle ABC has a right angle (90°) at C and sides of length a, b, ¢. The trigonometric functions of angle
A are defined as follows:

12.1. sine of A =sin A= 2 = _OPPOsIte

¢~ hypotenuse B
12.2. cosine of A=cos A = L4 = _adjacent
¢ hypotenuse
c
12.3. tangent of A =tan A = & = OPPOSIt e
b adjacent
12.4. cotangent of A=cotA = b = ache.nt [
a opposite A > C
_ _ ¢ _ hypotenuse _
12.5. secantof A=sec A= b~ adjacent Fig. 12-1

hypot
12.6. cosecant of A=csc A = €= M
a opposite

Extensions to Angles Which May be Greater Than 90°

Consider an xy coordinate system (see Figs. 12-2 and 12-3). A point P in the xy plane has coordinates (x, y)
where x is considered as positive along OX and negative along OX’ while y is positive along OY and nega-
tive along OY’. The distance from origin O to point P is positive and denoted by r =,/x*+ y?. The angle A
described counterclockwise from OX is considered positive. If it is described clockwise from OX it is consid-
ered negative. We call X’OX and Y’OY the x and y axis, respectively.

The various quadrants are denoted by I, I, III, and IV called the first, second, third, and fourth quadrants,
respectively. In Fig. 12-2, for example, angle A is in the second quadrant while in Fig. 12-3 angle A is in the
third quadrant.

Y Y
I 1 I 1
r A
X' v B X x vd \ X
z 10 ” 7
r
P(z, )
11 v I v
Y’ -
Fig. 12-2 Fig. 12-3

43
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For an angle A in any quadrant, the trigonometric functions of A are defined as follows.

12.7. sinA=y/r
12.8. cosA=x/r
12.9. tan A =y/x
12.10. cotA=x/
12.11. secA=r/x

12.12. cscA=rly

Relationship Between Degrees and Radians

A radian is that angle 6 subtended at center O of a circle by an arc
MN equal to the radius r.

Since 2 radians = 360° we have
. r
M

12.13. 1 radian = 180°/r=57.29577 95130 8232 ...°

12.14. 1° = /180 radians = 0.01745 32925 19943 29576 92 ... radians

Fig. 12-4
Relationships Among Trigonometric Functions
sin A ., )
12.15. tanA=—— 12.19. sin? A+cos*A=1
COsA
1216, cotA=—_ =<4 1220, sec’A—tan>A=1
tanA sinA
12.17. secA= 12.21. csc?A—cot?A=1
CosA
12.18. cscA= !
o "~ sinA
Signs and Variations of Trigonometric Functions
Quadrant sin A cos A tan A cot A sec A csc A
I + + + + + +
Oto1 1to0 0to oo = to 0 1 to oo o to 1
11 + — — — _ +
1to0 0to-1 —ot0 0 0 to —o —oo to —1 1 to oo
111 _ _ + - _ -
0to-1 -1to0 0to o to 0 —1 to — —oo to —1
v - + — — + —
—1t00 Oto 1 - t0 0 0to —oo o to 1 —1 to —o0
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Exact Values for Trigonometric Functions of Various Angles

45

Angle A Angle A

in degrees | in radians sin A cos A tan A cotA sec A csc A
0° 0 0 1 0 oo 1 o
15° /12 TW6-V2) | 1(J6+V2) | 2=3 | 243 | J6-v2 | J6+42
30° /6 } Wi B | B | i )
45° 4 12 12 1 1 V2 V2
60° 3 43 } VRN e
75° 5m12 | $(6+42) | $(W6-V2) | 2443 | 2-3 | J6+v2 | J6-2
90° 2 1 0 +oo 0 + oo 1
105° 12 | 1 6+2) |16 -+2) |-2+3) [-2-V3) | -6 +V2)| J6-2
120° 213 V3 -4 -3 | -3 -2 23
135° 34 2 -12 -1 -1 ) NG
150° 576 3 -13 _1/3 -3 _2./3 )
165° N2 | $(6-42) | -+(6+2)|-2-3) | -2+V3) |-(6-2)| J6+2
180° T 0 -1 0 Foo -1 +oo
195° 13712 | -+(6-v2) | -+(6+42)| 2-3 | 243 |-(6-v2)| -6 +2)
210° 776 -3 -13 13 J3 23 _2
225° S/4 -2 -2 1 1 -2 -2
240° 47/3 -13 -3 NG} 13 ) -23
255° 17712 |-+ 6+2) |[-1(6-v2) | 2443 | 2-3 |-(6+42)| -(6-+2)
270° 372 -1 0 +oo 0 Foo -1
285° 1912 | =36 +2) | +(J6-v2) |-2+3) |[-2-V3) | J6+42 |-(6-42)
300° 573 —143 1 -3 -103 2 _2./3
315° T4 12 12 -1 -1 2 2
330° 117/6 -3 13 -3 -3 23 )
345° 23112 |-1(6-v2) | 16 +2) |-2=3) |-2+3) | J6-+2 |-(6++2)
360° 27 0 1 0 Foo 1 T oo

For other angles see Tables 2, 3, and 4.
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Graphs of Trigonometric Functions

In each graph x is in radians.

12.22. y=sinx 12.23. y=cosx
Y Y

TN TIRKATX

Fig. 12-5 Fig. 126

12.24. y=tanx 12.25. y=cotx

| Yy

s s

]
g S

x
s (4] ka 7 37 27
2 2 2
Fig. 12-7 Fig. 12-8

12.26. y=secx 12.27. y=cscx

i v ! | v I |

| | | | |

I | | ! |

| | | ! |

: 2 | | 24 ! |

|

| ' ' | '

| | | . | |

] 1 | | ] |

| I ! z ! 1 z

-3 o T% ‘ 33 0 :’ : 27

l | I | '

n | | I I

| | | | |

[ 1 | I | [

| | | | |

| | ! | |

| | | | |

1 1 | 1 |

Fig. 12-9 Fig. 12-10

Functions of Negative Angles
12.28. sin(-A)=-sin A 12.29. cos(-A)=cos A 12.30. tan(-A)=-tan A

12.31. csc(-A)=-csc A 12.32. sec(-A)=sec A 12.33. cot(-A)=—-cotA
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Addition Formulas
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12.34. sin(AxB)=sinA cos Bt cos A sin B
12.35. cos(AxB)=cos A cos BFsinA sin B
AxtanB
1236. tan(A+B)=——nAZlNb
l+tanAtan B
1237, cot(A+py="0tACtB 1

cotBXxcotA

Functions of Angles in All Quadrants in Terms of Those in Quadrant |

90° + A 180° + A 270° + A k(360°) £ A
A T T+ A 37 2kt A
EiA - TiA k = integer
sin —sinA Cos A sin A —Cos A +sinA
cos cos A FsinA —Cos A FsinA Ccos A
tan —tan A FcotA +tan A FcotA ttan A
csc —CcScA sec A FcscA —secA tcscA
sec sec A FcscA —secA tcscA sec A
cot —cotA Ftan A +cotA Ftan A tcotA
Relationships Among Functions of Angles in Quadrant |
SinA=u CoSA=u tan A =u CotA=u seCcA=u csScCA=u
sin A u 1—u? w1+ IN1+u? Ju? =1l 1/u
cos A 1-u? u 1/1+u? ulN1+u? 1/u u*—1/u
tan A ul\1—u? 1—u?/u u 1/u u’-1 1\u? -1
cot A J1=u?lu u/\1—u? 1/u u 1/Nu? -1 u> -1
sec A 1N1—u? 1/u 1+u? J1+u?lu u ulNu*—1
csc A 1/u 1N1-u? N1+u?lu 1+u? ulNu*—1 u

For extensions to other quadrants use appropriate signs as given in the preceding table.
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Double Angle Formulas
12.38. sin2A=2sinA cos A
12.39. cos2A=cos?A—sin?A=1-2sin?A=2cos*?A -1

2tan A
1—tan® A

12.40. tan2A=

Half Angle Formulas

12.41. sin% =+

1—cos A F if A/21isin quadrant I or I
2

—if A/2 is in quadrant III or IV

1+cos A [+ if A/21isin quadrant I or IV ]

12.42. COS% =t —s
—if A/2is in quadrant IT or III |

A 1—cosA
4 A _y 2T A
12.43. tanz 1+ cos

+if A/21s in quadrant I or III 1
—if A/2is in quadrant IT or IV |

_ sinA _1-cosA
" 14+cosA sinA

=cscA—cotA

Multiple Angle Formulas
12.44. sin3A=3sinA—-4sin’A
12.45. cos3A=4cos*A -3 cosA

3tan A—tan’ A
1-3tan’ A

12.47. sin4A=4sinA cos A—8sin*A cos A
12.48. cos4A=8cos*A—-8cos?A+1

4tan A—4tan® A
1—-6tan? A+tan* A
12.50. sin5A=5sinA-20sinA+16sin’ A

12.51. cos5A=16cos’A—-20cos’A+5cos A

tan® A—10tan®* A+5tan A
1-10tan? A+5tan* A

See also formulas 12.68 and 12.69.

12.46. tan3A=

12.49. tand4A=

12.52. tanSA=

Powers of Trighometric Functions

12.53. sin?A=1-1cos2A 12.57. sin*A=3-1cos2A+{ cos4A

12.54. cos* A=1+4cos2A 12.58. cos*A=3+1cos2A+1cos4A

12.55. sin*A=3sinA—-1sin3A 12.59. sin® A=3sinA—-2sin3A++ sin5A
12.56. cos*A=3cosA+74cos3A 12.60. cos’A=3cosA+2 cos3A+-L cosSA

See also formulas 12.70 through 12.73.
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Sum, Difference, and Product of Trighometric Functions
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12.61. sinA+sinB=2sin{(A+B)cos+(A—B)
12.62. sinA-sinB=2cos+(A+B)sin+(A—-B)
12.63. cosA+cosB=2cos+(A+B)cost(A-B)
12.64. cosA—cosB=2sin{(A+B)sin+(B—-A)
12.65. sinAsin B=+{cos(A—B)—cos(A+B)}
12.66. cosAcosB=+{cos(A—B)+cos(A+B)}

12.67. sinAcosB=4{sin(A—B)+sin(A+ B)}

General Formulas

12.68. sinnA=sinA {(2 cos A)" — (”‘ . 2) (2cos A)" + (” N 3) (2c0s A)" —--. }

12.69. cosnA= %{ (2cosA)" — % (2cosA)" 7 + g (n I 3 j(2 cosA)"™*

n n_4 n—6
—g[ 5 j(ZcosA) + }

12.70. sin”' A=

ED g (201 (2010
e {sm(Zn DA [ 1 )sm(Zn DA+ (<1) ( l)smA}

n—

1271, cos®™ A= # {cos(2n “DA+ [2”1_ 1] cos(2n—3)A+--+ [2” _11j cos A}
o

12.72. sin” A= ! (an + (_12 {cos 2nA — (ZIHJ cos 2n—2)A+--- (=D ( 2n1) cos 2A}

22;1 n—

12.73. cosz"A:1 2n + ! {cosZnA+ 2n cos 2n—2)A+---+ 2n cos2A}
2> \ n 22l 1 n—1

Inverse Trigonometric Functions

If x = sin y, then y = sin'x, i.e. the angle whose sine is x or inverse sine of x is a many-valued function of x
which is a collection of single-valued functions called branches. Similarly, the other inverse trigonometric

functions are multiple-valued.

For many purposes a particular branch is required. This is called the principal branch and the values for

this branch are called principal values.
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Principal Values for Inverse Trigonometric Functions

Principal values for x = 0 | Principal values for x <0
0=sin'x= 2 -2 =sin'x<0
0=cos'x=m2 m2<cos'x=rm
0=tan'x< 7i/2 -m2 <tan! x <0
O<cot'x= 12 m2<cot'x<m
0=sec'x<m2 n2<sec'x=nx
O<csclx=m2 -2 =csc'x<0

Relations Between Inverse Trigonometric Functions

In all cases it is assumed that principal values are used.

12.74. sin'x+cos™' x=7m/2 12.80. sin7!(—x)=-sin"'x
12.75. tan'x+cot'x=m/2 12.81. cos'(—x)=m—cos™' x
12.76. sec'x+cscx=m/2 12.82. tan!(—x)=—tan'x
12.77. csc'x=sin"'(1/x) 12.83. cot!(—x)=m—cot™'x
12.78. sec!'x=cos™'(1/x) 12.84. sec!(-x)=mw—sec'x
12.79. cot!'x=tan"'(1/x) 12.85. csc'(—x)=—csc'x

Graphs of Inverse Trigonometric Functions

In each graph y is in radians. Solid portions of curves correspond to principal values.

12.86. y=sin"'x 12.87. y=cos'x 12.88. y=tan'x
\ ¥ / Yy Yy
N Lt
\
N\
J \ - -
\ _—
/2 =/2 /2
4 x Zz x
-1 0 1 -1 0 A o
/
/
7
\ —7/2 —#;2// —7/2 —_—
\\ / P
\ /
\\ I/
N S

Fig. 1211 Fig. 12-12 Fig. 12-13
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12.89. y=cot'x 12.90. y=sec'x 1291. y=csc'x
Yy ~ Yy , Y

" / x
x —
=/2 T =

Fig. 1214 Fig. 1215 Fig. 1216

Relationships Between Sides and Angles of a Plane Triangle

The following results hold for any plane triangle ABC with sides a, b, ¢ and angles A, B, C.
12.92. Law of Sines:

a b ¢ A

sinA "~ sinB~ sinC
12.93. Law of Cosines: b

c*=a*+b*-2ab cos C .
with similar relations involving the other sides and angles. c
12.94. Law of Tangents: -

a+b tan}t(A+B)

a-b tant(A-B) B

Fig. 12-17

with similar relations involving the other sides and angles.

12.95. sinA= % Js(s—a)(s—b)(s—c)

where s =1 (a+b+c) is the semiperimeter of the triangle. Similar relations involving angles B and C can
be obtained.

See also formula 7.5.

Relationships Between Sides and Angles of a Spherical Triangle

Spherical triangle ABC is on the surface of a sphere as shown
in Fig. 12-18. Sides a, b, ¢ (which are arcs of great circles) are
measured by their angles subtended at center O of the sphere.
A, B, C are the angles opposite sides a, b, ¢, respectively. Then the
following results hold.

12.96. Law of Sines:
sina _sinb _ sinc
sinA  sinB  sinC

12.97. Law of Cosines:

cos a =cos b cos ¢ + sin b sin ¢ cos A
cos A =—cos B cos C+ sin B sin C cos a

Fig. 1218

with similar results involving other sides and angles.
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12.98. Law of Tangents:

tani(A+B) tani(a+b)
tanl(A—B) tani(a—b)

with similar results involving other sides and angles.

12,99, cosA o [Sinssin(s—C)
2 sinbsinc

where s =4 (a+b+c). Similar results hold for other sides and angles.

a _ [cos(S—B)cos(S—-C)
12.100. cos§ = \/ SnBsinC

where S =1(A+ B+C). Similar results hold for other sides and angles.

See also formula 7.44.

Napier’s Rules for Right Angled Spherical Triangles

Except for right angle C, there are five parts of spherical triangle ABC which, if arranged in the order as given
in Fig. 12-19, would be a, b, A, c, B.

a
C
b
b N co-B
B
4 ¢ et co-¢

Fig. 1219 Fig. 12-20

Suppose these quantities are arranged in a circle as in Fig. 12-20 where we attach the prefix “co” (indicat-
ing complement) to hypotenuse ¢ and angles A and B.

Any one of the parts of this circle is called a middle part, the two neighboring parts are called adjacent
parts, and the two remaining parts are called opposite parts. Then Napier’s rules are

12.101. The sine of any middle part equals the product of the tangents of the adjacent parts.
12.102. The sine of any middle part equals the product of the cosines of the opposite parts.
EXAMPLE: Since co-A =90° — A, co-B =90° — B, we have

sin a = tan b (co-B) or sina=tanb cotB
sin (co-A) = cos a cos (co-B) or cosA=cosasinB

These can of course be obtained also from the results of 12.97.



1 3 EXPONENTIAL and LOGARITHMIC
FUNCTIONS

Laws of Exponents

In the following p, g are real numbers, a, b are positive numbers, and m, n are positive integers.

13.1. a?-a?=a’ 13.2. a’la?=a"1 13.3. (a’)?=a™
134. 4a°=1, a#0 13.5. a?=1/a? 13.6. (ab)? =a’b?
13.7. a=a" 138. am =am 13.9. alb =%alb

In @, p is called the exponent, a is the base, and a” is called the pth power of a. The function y = a* is
called an exponential function.

Logarithms and Antilogarithms

If @ = N where a # 0 or 1, then p =log N is called the logarithm of N to the base a. The number N = a” is
called the antilogarithm of p to the base a, written antilog_ p.

Example: Since 3’ =9 we have log, 9 =2. antilog, 2=9.

The function y = log_ x is called a logarithmic function.

Laws of Logarithms

13.10. log, MN =log M +log, N
13.11. log, % =log, M —log N

13.12. log M’ =plog M

Common Logarithms and Antilogarithms

Common logarithms and antilogarithms (also called Briggsian) are those in which the base a = 10. The
common logarithm of N is denoted by log,, N or briefly log N. For numerical values of common logarithms,
see Table 1.

Natural Logarithms and Antilogarithms

Natural logarithms and antilogarithms (also called Napierian) are those in which the base a = e =
271828 18 ... [see page 3]. The natural logarithm of N is denoted by log, N or In N. For numerical
values of natural logarithms see Table 7. For values of natural antilogarithms (i.e., a table giving e* for values
of x) see Table 8.
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Change of Base of Logarithms

The relationship between logarithms of a number N to different bases a and b is given by

1313, log N=&N
“ log, a

In particular,

13.14. log N=In N=2.30258 50929 94 ... log,, N

13.15. log,, N=1log N=0.43429 44819 03 ... log, N

Relationship Between Exponential and Trigonometric Functions

13.16. e®=cos O +isin O, e®=cosO—isin0

These are called Euler’s identities. Here i is the imaginary unit [see page 10].

0 _ ,—if
13.17. sing=2—_¢
21

i0 —i6
13.18. cosf=2 "¢

— —— =—1 - -
l(eze +e*19) 610 +e*19

0 __ ,—if i0 __ ,—if
13.19. tanf=-——"_F% '(‘3 ¢ j

— 0

i0 —i0
13.20. cotf= l[ﬁj

eiG

13.21. secO= 2

eiG + e—iG

1322 esc=—; 2

_e—ie

Periodicity of Exponential Functions
13.23. ¢i®+2m = g0

k = integer

From this it is seen that ¢* has period 27i.

Polar Form of Complex Numbers Expressed as an Exponential

The polar form (see 4.7) of a complex number z = x + iy can be written in terms of exponentials as follows:

13.24. z=x+iy=r(cosO+isinf)=re®
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Operations with Complex Numbers in Polar Form

55

Formulas 4.8 to 4.11 are equivalent to the following:

13.25.  (re")(r,e®) =rre’

6,

13.26. 2 _=1i w00
ne”
13.27. (re®)? =rreP? (De Moivre’s theorem)

13.28. (reie)lln — [rei(9+2k7r)]l/n — rl/nei(6+2k7r)/n

Logarithm of a Complex Number

13.29. In(re®®)=Inr+i0+2kmi k=integer



1 4 HYPERBOLIC FUNCTIONS

Definition of Hyperbolic Functions

14.1. Hyperbolic sine of x =sinhx=< _26_
14.2. Hyperbolic cosine of x =coshx =% -;e‘
14.3. Hyperbolic tangent of x =tanhx = ex —_ e:x
e +e
. e’ +e”
14.4. Hyperbolic cotangent of x =cothx = prampes
. 2
14.5. Hyperbolic secant of x =sechx=———
e*+e
. 2
14.6. Hyperbolic cosecant of x =cschx=— —

Relationships Among Hyperbolic Functions

14.7. tanhx= sinh x

cosh x

1 cosh x

14.8. cothx = m = m
14.9. sechx=

cosh x

14.10. cschx=—
sinh x

14.11. cosh?x—sinh*x=1
14.12. sech’x+tanh’x =1

14.13. coth?x—csch?x=1

Functions of Negative Arguments

14.14. sinh (—x) =—sinh x 14.15. cosh (—x) =cosh x 14.16. tanh (—x) =—tanh x

14.17. csch (—x) =—csch x 14.18. sech (—x) =sech x 14.19. coth (—x) =—coth x
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Addition Formulas

14.20. sinh(x%y)=sinhxcoshy* cosh x sinh y

14.21. cosh(x*y)=coshxcoshy + sinhxsinhy

tanh x + tanh y
+ Y
14.22. tanh(x£y)=qy5rmt y
cothxcothy+1
—+ -
14.23. coth(xty) coth y+ cothx

Double Angle Formulas

14.24. sinh2x =2sinhxcoshx

14.25. cosh2x=cosh?x +sinh?x =2cosh?x—1=1+2sinh%x

2tanhx

14.26. tanh2x = m

Half Angle Formulas

14.27. sinhgzi,/% [+if x>0, — if x <0]
X coshx+1

14.28. coshi _’,T
X /coshx—l . .

14.29. tanh7 =t m [+ if x> 0, —ifx< O]

_ sinhx  coshx-1
“coshx+1 "~  sinhx

Multiple Angle Formulas

14.30. sinh3x =3sinhx+4sinh’x
14.31. cosh3x=4cosh?®x—3coshx
3tanh x + tanh® x

14.32. tanh3x = m

14.33. sinh4x =8sinh? x cosh x +4 sinh x cosh x

14.34. cosh4x =8cosh* x —8cosh? x+1

4tanh x +4 tanh® x
14.35. tanh = e  tanh x
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Powers of Hyperbolic Functions

14.36. sinh?x=Z1cosh2x—1

14.37. cosh’x=21cosh2x+73

14.38. sinh®x =<sinh3x—3 sinhx
14.39. cosh®x =1 cosh3x+3 coshx
14.40. sinh*x=3—-1 cosh2x+{ cosh4x

14.41. cosh® x =32+ cosh2x+1 cosh4x

Sum, Difference, and Product of Hyperbolic Functions

14.42. sinhx+sinhy=2sinh{(x+y)coshi(x—y)
14.43. sinhx—sinhy=2cosh{(x+y)sinhi(x—y)
14.44. coshx+coshy=2coshi(x+y)coshi(x—y)
14.45. coshx—coshy=2sinh{(x+y)sinht(x—y)
14.46. sinhxsinhy=1{cosh(x+y)—cosh(x—y)}

14.47. coshxcoshy=Z{cosh(x+y)+cosh(x—y)}

14.48. sinhxcoshy=1{sinh(x+y)+sinh(x—y)}

Expression of Hyperbolic Functions in Terms of Others

In the following we assume x > 0. If x < 0, use the appropriate sign as indicated by formulas 14.14 to
14.19.

sinhx=u coshx=u tanh x=u cothx=u sechx=u | cschx=u
sinh x u u—1 ul\1—u? =1 1—u u 1/u
cosh x 1+u? u 1/V1=u? u/Ju* -1 1/u W/u
tanhx | w/~1+u® u’—1/u u 1/u 1-u? UN1+u?
coth x u*+1/u u/Nu* -1 1/u u 1/\1-u? J1+u?
sechx | UA1+u? 1/u -1 u’—1/u u ul1+u>
csch x 1/u UNu? -1 1—u*/u u—1 u/N1—u? u
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Graphs of Hyperbolic Functions

14.49. y=sinhx 14.50. y=coshx 14.51. y=tanhx
y Y Y
_______ o=
1
0 z 0 z 0 *
________ -
Fig. 14-1 Fig. 14-2 Fig. 14-3
14.52. y=cothx 14.53. y=sechx 14.54. y=cschx
Y
0 X
Fig. 14-4 Fig. 14-5 Fig. 14-6

Inverse Hyperbolic Functions

If x = sinh y, then y = sinh™! x is called the inverse hyperbolic sine of x. Similarly we define the other inverse
hyperbolic functions. The inverse hyperbolic functions are multiple-valued and as in the case of inverse trigo-
nometric functions [see page 49] we restrict ourselves to principal values for which they can be considered
as single-valued.

The following list shows the principal values (unless otherwise indicated) of the inverse hyperbolic func-
tions expressed in terms of logarithmic functions which are taken as real valued.

14.55. sinh!'x=In(x++/x2+1) —co < x < oo
14.56. cosh'x=In(x++/x2-1) x=1 (cosh™'x >0 is principal value)
14.57. tanh™'x= lln I+x -1<x<1
2 \1-x
14.58. coth™' x = ~In[ X1 x>lorx<-—I
2 (x-1
14.59. sech'x=In (%+ \ f% - 1] 0<x =1 (sechx>0is principal value)

14.60. csch1x=ln(l+,fiz+l] x#0
x \x
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Relations Between Inverse Hyperbolic Functions

HYPERBOLIC FUNCTIONS

14.61. csch™'x =sinh(1/x)
14.62. sech™'x=cosh™'(1/x)
14.63. coth™ x =tanh'(1/x)
14.64. sinh™!(—x)=-sinh'x
14.65. tanh!(—x)=—tanh™'x
14.66. coth™'(—x)=—coth™ x
14.67. csch™'(—x)=—csch™'x

Graphs of Inverse Hyperbolic Functions

14.68. y=sinh'x 14.69. y=cosh™x 14.70. y=tanh™'x
Y Yy I Y [
! |
I |
' l
| [
[ [
z | |
0 o'l ” -1, o
\ | |
l [
Y | !
b n 1
| |
Fig. 147 Fig. 14-8 Fig. 14-9
14.71. y=coth™'x 14.72. y=sech™'x 14.73. y=csch'x
| Yy | Y Yy
| |
| |
| |
| |
| |
| |
-1 [9) I ” 0 B 0
| |
I I
| | 7
[ | /
[ [
| | !
Fig. 14-10 Fig. 14-11 Fig. 14-12
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Relationship Between Hyperbolic and Trigonometric Functions

61

14.74. sin (ix) =isinhx 14.75. cos(ix)=coshx 14.76. tan(ix)=itanhx
14.77. csc(ix)=—icsch x 14.78. sec(ix)=sech x 14.79. cot (ix) =—i cothx
14.80. sinh(ix)=isinx 14.81. cosh(ix)=cosx 14.82. tanh(ix)=itanx
14.83. csch (ix)=—icscx 14.84. sech (ix)=secx 14.85. coth(ix)=—icotx
Periodicity of Hyperbolic Functions

In the following k is any integer.

14.86. sinh(x+2kmi)=sinhx 14.87. cosh(x+2kmi)=coshx 14.88. tanh(x+ kmi)=tanhx
14.89. csch(x+2kmi)=csch x 14.90. sech(x+2kmi)=sech x 14.91. coth (x+kmi)=cothx

Relationship Between Inverse Hyperbolic and Inverse Trigonometric Functions

14.92. sin7'(ix)=isin'x
14.94. cos'x==xicosh™x
14.96. tan™'(ix)=itanh™ x
14.98. cot™!(ix)=icoth'x
14.100. sec™'x=ztisech'x
14.102. csc'(ix)=—icsch™'x

14.93.

14.95.

14.97.

14.99.

14.101.

14.103.

sinh™!(ix)=isin™' x

cosh'x=%icos™'x

tanh™'(ix)=itan™' x

coth™'(ix)=—icot™ x

sech'x=xisec!x

csch™(ix)=—i csc' x



Section IV: Calculus

1 5 DERIVATIVES

Definition of a Derivative

Suppose y = f(x). The derivative of y or f(x) is defined as

dy_l. Sx+h)—fx) . flx+Ax)— f(x)
— =1lim = lim
dx -0 h Ax—0 Ax

15.1.

where h = Ax. The derivative is also denoted by y; dfldx or f’(x). The process of taking a derivative is called
differentiation.

General Rules of Differentiation

In the following, u, v, w are functions of x; a, b, ¢, n are constants (restricted if indicated); e =2.71828 ... is
the natural base of logarithms; In u is the natural logarithm of « (i.e., the logarithm to the base ¢) where it is
assumed that u > 0 and all angles are in radians.

d

15.2. —()=0
dx(c‘)
d

153. —(cx)=c
dx( )

15.4. i(cx") =nex"™!

dx
d du dv dw
15.5. dx (u Y ) dx dx dx
15.6. i(cu) = cﬂ
dx dx
i(uv) =u d—v + v@
15.7. dx dx dx
i(uvw) = uvd—w + uwd—v +vw@
15.8. dx dx dx dx
15.9. i(zj _ v(duldx) —zu(dv/dx)
dx\ v ()
d di
15.10. L@y =t
dx dx
15.11. ﬂ = Qﬂ (Chain rule)
dx dudx
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15.12. @ = L
dx dx/du
dyld
1503, D _Dldu
dx dxl/du

Derivatives of Trigonometric and Inverse Trigonometric Functions

15.14. isin U =CoSs u@
X dx

15.15. icos u=-—sin uﬂ
Ix dx

15.16. itan u=sec’ uﬂ
dx dx

15.17. dicot u=—csc’ uﬂ

X dx
15.18. —sec u:secutanu@
Ix dx
15.19. —csc u=—csc ucot u@
dx dx
15.20. isin"uz#@ [—E<Sin_lu<£}
dx J1=u? dx 2 2
-1
15.21. icos’luz—du [0<cos™ u<n]
dx J1—y? dx
1
15.22. itan’luz—zﬂ {—E<tan1u<£:|
dx 1+u” dx 2 2
15.23. icot_luz_—lzﬂ [0<cot™u<r]
x 1+u” dx
15.24 isec—lu: 1 du _ *l  du | +ifO<secu<m/2
dx lulJu? =1dx  uJu? =1 dx _—if7r/2<sec"'u<7r
15.25 icsc’luz -1 @: ¥l du —ifO<csclu<m/2
dx lulJu? —1dx uJu? 1 dx _+if—n’/2<csc_1u<0

Derivatives of Exponential and Logarithmic Functions

1526, Liog u=10%d .o
dx u dx

15.27. ilnu=ilogeu=l@
dx dx u dx

15.28. ia” =qa" lna@
dx dx
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15.29.

15.30.

d , ,du

Lt =t 2

dx dx
iuv:ievlnuzevlnui[vlnu]:vuu
x dx x

L du

DERIVATIVES

dv
+u’lnu—

dx

Derivatives of Hyperbolic and Inverse Hyperbolic Functions

15.31.

15.32.

15.33.

15.34.

15.35.

15.36.

15.37.

15.38.

15.39.

15.40.

15.41.

15.42.

isinh u = cosh u@
x dx

icosh u = sinh u@
x

d d
2 tanh u =sech? u®:
X dx

d d
£ coth u=—cschiu
x dx

isech u =—sech u tanh u@
x dx

icsch u=—csch u coth u @

X dx
ismh u= ! du
Ju? 11 dx
+
icosh U=—— ! du
ﬂu — dx
itanh’luz ! 2@
dx 1—u” dx
1
icoth’luz 2@
dx 1—u” dx
—sech"]u—i@
X un1—u? dx
icsch"u— -1 du i @
dx Ll V1 +u? dx uN1+u® dx

Higher Derivatives

+if cosh™ u>0,u>1

—if cosh™u<0,u>1

[Fl<u<l1]

[u>1o0ru<-1]

—ifsech’u>0,0<u<l

+ifsech'u<0,0<u<l

[ifu>0,+if u<0]

The second, third, and higher derivatives are defined as follows.

15.43.

15.44.

15.45.

2
Second derivative = i(ﬂ) = dy
dx

X dx?

2
Third derivative = di(ﬂ) = dy =f"(x)=y"
X

dx? d—

X\ dx™!

n—1 n
nth derivative = dfdy)_dy_ F7 ) =y™
d dx"

—=f"x)=y"
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Leibniz’s Rule for Higher Derivatives of Products

4 P
Let D stand for the operator ; — so that D"u = Z Z = the pth derivative of u. Then
by by

15.46. D" (uv)=uD"v+ (’11) (Du)(D"™'v) + @ (D*u)(D"*0)+-++vD"u

where (rlz) ) (g) ,-.. are the binomial coefficients (see 3.5).

As special cases we have

2 2 2
1547, L uy=u®l v
dx dx dx dx dx
3 3 2 2 3
1548. L uvy=ul V3 a0 gdudv  du
dx dx dx dx dx” dx dx

Differentials

Let y = fix) and Ay = f(x + Ax) — f(x). Then

Ay _ e+ A0 ()
Ax

dy

15.49. :f’(x)+€:_+e
dx

where € — 0 as Ax — 0. Thus,
15.50. Ay= f'(x)Ax+e€Ax
If we call Ax = dx the differential of x, then we define the differential of y to be

15.51. dy=f'(x)dx

Rules for Differentials

The rules for differentials are exactly analogous to those for derivatives. As examples we observe that

15.52. d(uxvtwzx--)=dutdvtdwt---

15.53. dmv)=udv+vdu

1554. d (ﬁj _ du—udy
() v
15.55. d@W")=nu""du

15.56. d(sin u)=cos udu

15.57. d(cos u)=—sin udu
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Partial Derivatives

Let z=f(x, y) be a function of the two variables x and y. Then we define the partial derivative of z or f(x, y)
with respect to x, keeping y constant, to be

A _ . fGAn Y- )
— = l1im
ox A0 Ax

15.58.

This partial derivative is also denoted by dz/dx, f,,orz,.
Similarly the partial derivative of z = f(x, y) with respect to y, keeping x constant, is defined to be

Of _ iy FO+AY) — f(x.3)

15.59.
ay Ay—0 Ay

This partial derivative is also denoted by dz/dy, fy, or z,.
Partial derivatives of higher order can be defined as follows:

O°f a(af) 9°f a(of
15.60. x> ox (axj’ 9y* 9yl ay

’f 0 (of ?f 0 (8f)
1561, — =22 S 2%

oxdy ax(ayj dydx dy\ox

The results in 15.61 will be equal if the function and its partial derivatives are continuous; that is, in such
cases, the order of differentiation makes no difference.
Extensions to functions of more than two variables are exactly analogous.

Multivariable Differentials

The differential of z = f(x, y) is defined as

15.62. dz=df = a—fd)c + a—fdy
dox dy

where dx = Ax and dy = Ay. Note that dz is a function of four variables, namely x, y, dx, dy, and is linear in
the variables dx and dy.
Extensions to functions of more than two variables are exactly analogous.
EXAMPLE: Let z =x2+ 5xy + 2y°. Then
7, =2x+5y and z,=5x + 6y*
and hence
dz=(2x + 5y) dx + (5x + 6y?) dy

Suppose we want to find dz for dx =2, dy =3 and at the point P (4, 1), i.e., when x =4 and y = 1. Substitu-
tion yields

dz=8+5)2+(20+6)3=26+78 =104



1 6 INDEFINITE INTEGRALS

Definition of an Indefinite Integral

ir
by

indefinite integral of f(x), denoted by J. f(x)dx. Similarly if y = J f(uw)du, then Z—y = f(u). Since the derivative
u

= f(x), then y is the function whose derivative is f(x) and is called the anti-derivative of f(x) or the

of a constant is zero, all indefinite integrals differ by an arbitrary constant.
For the definition of a definite integral, see 18.1. The process of finding an integral is called integration.

General Rules of Integration

In the following, u, v, w are functions of x; a, b, p, g, n any constants, restricted if indicated; e = 2.71828 ...
is the natural base of logarithms; In u denotes the natural logarithm of u where it is assumed that # > 0 (in
general, to extend formulas to cases where u < 0 as well, replace In u by In lul); all angles are in radians; all
constants of integration are omitted but implied.

16.1. Iadxzax
16.2. jaf(x)dx=aj f(x)dx
163, [wrvtw-yde=[udvt [vdet [wdrt--

16.4. Judv =uv- Jvdu (Integration by parts)

For generalized integration by parts, see 16.48.

165, [ flax)dx= 1 [ fawydu
a

dx F(u)
16.6. [ F{f(x)}dx = JF(u)Edu = e du  where u= f(x)

16.7. Iu”duzu , n#z—1 (Forn=-1,see 16.8)

16.8. j@=1nu ifu>0 or In(—u) ifu<0
u

=Inlul

16.9. je“ du=e"

ulna u

16.10. Ja“duzfe“l"“du:e =4 4>0,a%1
Ina Ina
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16.11.

16.12.

16.13.

16.14.

16.15.

16.16.

16.17.

16.18.

16.19.

16.20.

16.21.

16.22.

16.23.

16.24.

16.25.

16.26.

16.27.

16.28.

16.29.

16.30.

16.31.

Jsin udu=-cos u

Jcos udu=sin u

Jtan udu=Insec u=—Incos u
Jcot udu=Insin u

Jsec udu=1In(sec u+tan u)= lntan(g+%j

jcsc udu =In(csc u—cot u)= lntan%
jsecz udu = tan u

jcscz udu =—cot u

jtanz udu=tan u—u

jcotz udu=—cotu—u

in2 1
jsinzuduzz— S _ 2 (u—sin u cos u)
2 4 2

in2 1
jcoszudu=2+ smu = —(u+sin u cos u)
2 4 2

jsec u tan udu = sec u

jcsc u cot udu=-—cscu

jsinh udu=cosh u

jcosh udu =sinh u

jtanh udu=Incosh u

jcoth udu = Insinh u

_[sech wdu = sin” (tanh ©) or 2tan™"' ¢"
jcsch udu=1n tanh% or —coth™ e"

jsechZu du = tanh u

INDEFINITE INTEGRALS
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16.32. Jcschzudu —_coth u
16.33. Jtanhzudu —u—tanh u

16.34. Jcothzu du=u—coth u

inh2 i
1635, [sinh’udu="""""~ = ~(sinh ucosh u~ u)
272
inh?2 I
16.36.  [cosh’udu="""1"" + 2 =~ (sinh u cosh u +u)
4 2 2

16.37. jsech u tanh udu =—sech u

16.38. Jcsch u coth udu=—csch u

du 1. _u
s— =—tan" —
u+a a a

16.39. j

1 - 1
16.40. j%=—ln(u ajz——cothlz w>al
u —a 2a u+a a a

|
16.41. jazd_”uz = iln(a i ”j L 2 e

a—u a a
16.42. j —— =sin” ﬁ
16.43. J% =In(u+~u’>+a*) or sinh™ S
d
16.44. jﬁ =In(u+u® —a®)
16.45. = —sec'] “
J u~/ M - a

2 2

16.46. Jiu:_lm atNu +a
u'\/u2 +a’ a u

16.47. = ——1

1 (a+\/a2—u2]

u

‘[va—u

16.48. Jf(n)gdxzf(n—l)g_f(n 2) /+f(;1 3 m_ (=1 J‘fg(n) dx

This is called generalized integration by parts.
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Important Transformations

INDEFINITE INTEGRALS

Often in practice an integral can be simplified by using an appropriate transformation or substitution together
with Formula 16.6. The following list gives some transformations and their effects.

16.49.

16.50.

16.51.

16.52.

16.53.

16.54.

16.55.

16.56.

16.57.

Similar results apply for other inverse trigonometric functions.

16.58.

JF(ax+b)dx=l J.F(u)du
a

_[F(\/ax+b)dx=% ju F(u)du

a
JF(\"/ax+b)dx=£ Ju"']F(u)du

a
JF(\/az —x))dx=a fF(a cos u)cos udu
JF(\/xz +a*)dx=a fF(a sec u)sec” udu
JF(\/xz —a*)dx=a fF(a tan u)sec u tan udu
jF(e"*)dle jMdu

a’ u

JF(lnx)dxz jF(u)e" du

JF(sin' ijdx =a J.F(u) cos udu
a

2
jF(Sinx,cosx)dx=2 J.F( 2u_ ] u) du

1+u* 1+u” ) 1+u’

where u=ax+b

where u=+ax+b
where u=%ax+b

where x =a sin u
where x =a tan u
where x = a sec u
where u = e®
where u =1n x
where u=sin"' =

a

X
where u=tan—



1 7 TABLES of SPECIAL INDEFINITE INTEGRALS

Here we provide tables of special indefinite integrals. As stated in the remarks on page 67, here a, b, p, g, n
are constants, restricted if indicated; e =2.71828 . . . is the natural base of logarithms; In u denotes the natural
logarithm of u, where it is assumed that # > O (in general, to extend formulas to cases where u < 0 as well,
replace In u by In lul); all angles are in radians; and all constants of integration are omitted but implied. It is
assumed in all cases that division by zero is excluded.

Our integrals are divided into types which involve the following algebraic expressions and functions:

&)
2
3)
Q)
(&)
(6)
)
®)
®)
(10)
(In
(12)

ax+b
ax+b

ax + b and px + g

Jax+b and px + g

Jax+b and \[px+q
X2 +a?
x* —a?, with x> > a?
a* —x%, with x* < @?

2 2

X —a

\/a2 —x2

ax*+bx +c

(13)
(14)
(15)
(16)
7)
(18)
19)
(20)
2D
(22)
(23)
(24)

Vax®> +bx +c¢

X +ad

x'+a

x"xa"

sin ax

COS ax

sin ax and cos ax
tan ax

cot ax
sec ax

CSC ax

inverse trigonometric functions

(25)
(26)
27)
(28)
(29)
(30)
(3D
(32)
(33)
(34)

o
In x

sinh ax

cosh ax

sinh ax and cosh ax
tanh ax

coth ax

sech ax

csch ax

inverse hyperbolic functions

Some integrals contain the Bernouilli numbers B and the Euler numbers E defined in Chapter 23.

(1) Integrals Involving ax + b
1701, [-2 = Linern)
ax+b a
xdx x b
17.1.2. =———1 +b
JAax+b a a n(ax+b)
2 2 2
1703, [2O _(ethy @D b ax+b)
ax+b 2a a a
17.1.4. j e _1 n( )
x(ax+b) b \ax+b
1715 [ :—i+i21n(“x+bj
x“(ax+Db) bx b X
17.16. | B
(ax+b)” a(ax+Db)
d b 1
1717, [—F = +—In(ax+b)
(ax+b)" a(ax+b) a
2 2
2
1708, [ @b B 2y )
(ax+b) a a(ax+b) a
17.19. | dx = ! +izln( al )
x(ax+b)" blax+b) b ax+b

71
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17.110. [ B B A (“x”’)
x(ax+b) b(ax+b) b’x b
17.1.11. j -
ax+b) 2(ax+b)
17.1.12. j -1, b
x+b) az(ax+b) 2a*(ax + b)*
2
17.113. [ 2 et
(ax+b) & (ax+b) 2a’(ax+Db) a
n+l
17014, [(ax+b)' dx @ EDT e see 1711,
(n+1a
n+2 n+l
17.015. [a(ar+byde= S0 D@D Ly
(n+2)d* (n+Da

Ifn=-1,-2,see 17.1.2 and 17.1.7.

(ax+b)"™" _ 2b(ax + b)"*? N b*(ax +b)""
(n+3)a’ (n+2)a’ (n+a’

17.1.16. jx (ax+b)'dx =

Ifn=-1,-2,-3,see 17.1.3, 17.1.8, and 17.1.13.

X" (ax +b)" N nb
m+n+1 m+n+1

x"(ax +b)"" mb

(m+n+a _(m+n+1)a

Jx'" (ax+b)" " dx

17.1.17. j X" (ax +b)" dx = jx'"-l (ax +b)"dx

—x"MNax+b)"™" m+n+2
(n+ )b (n+ )b

Jx"’ (ax+ b)Y dx

(2) Integrals Involving ax + b

1721 ,[ dx  2\Jax+b
o Jax+b a
xdx 2(ax 2b)
17.2.2. Jax
J\/ax +b 3a®
xdx 2(3a*x* — 4abx +8b%)
17.2.3. = Jax+b
'[ Jax+b 154° o~
L Jax+b-+b
17.2.4 J- dx B Jb Jax+b+b
xJax+b B ax+b
1725, [~ =- Vax+b _ a jdix (see 17.2.12.)
x“vax+b bx 2b Y xJax+b

3
17.26. [Jax+bdr= 2(ax+b)

a

2 2
1727, [xJax+bdx= 20ax=2b) fo Ty

15a°
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2.2 2
1728. | o T dy = 20307x ~12abx +8b7) o T

1054°
Jax+b dx
17.29. | ——dr= 2Jax+b+b | T Seel7212)
Jax+b ax+b
17.210. | S dv=- j . W (See 17.2.12.)
17201 [ di= 20 Jaxth | dx
Jax+b Cm+a QCm+1Da *Jax+b
17212 J- X _ Jax+b _(2m—3)a J
oI dax+b (m=Dbx™ Cm=2)b Y x"'ax+b
17.2.13. "Jax+bdx = 2 +b)’"* - " Jax+bd
JxVax+bay= m+3a D (2 + 3)a [+ x
Jax+b Jax+b a dx
17214, [S=Zdv=- 4 [—
X (m—1)x 2m—=1) Y x""Nax+b
_ 3/2 _
17.2.15. J‘\/ax+bdx: (ax+Db) _ _(2m S5)a J-\/ax_-il-bdx
x" (m—1)bx™ 2m-2)b "

X

_ 2ax+ b))

17.2.16. j(ax +b)" dx =
a*(m+2)

2(ax + b)) _ 2b(ax+ by
a’(m+4) a’(m+2)

17.2.17. jx(ax+b)'"/2d =

2(ax + b)) 4b(ax +b5)"2 22 (ax + b)Y

17218, [x*(ax+b)" dx= “ -
a’(m+6) a(m+4) a’(m+2)

J (ax + b)"”2 e 2(ax +b)""? b J- (ax+b)" 2"

17.2.19. W
m
m/2 (m+2)/2 ml2
17.2.20. j(“"”’) o (@O ma JM
bx
17.221. | d 2 _ +1 i L
Hax+b)""  (m=2)blax+b)" (@x+ b

(3) Integrals Involving ax + b and px + ¢q

1731, [— & 1 1n(px+q)
(ax+b)px+q) bp—aq \ax+Db

xdx 1
(ax+Db)(px + q) bp—aq

17.3.2. j {b In(ax +b)— —1n(px + q)}
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17.3.3.

1 1 LD n(px+q)
(ax+b) (px+q) bp—aq lax+b bp—aq \ax+b

17.3.4.

1 9, ax+b) b
ax+b) (px+q) bp—aq \bp—aq \px+q) a(ax+b)

I
I

17.3.5. j L& R {‘1 ln(x+6])+wl( +b)}
I

(ax+ b) (px Tq) (bp—aga’(ax+b)  (bp-aq)

17.3.6. -1 { L
(ax+b)" (px Tq)  (n—1)(bp—aq) |(ax+b)" (px+q)"
dx
+a(m+n-2) J. (@ by (pr+ q)"_]}
1737. [&2 D = Py g
px+q p
-1 {(ax-kb)m: +(n-m-2)a (aLb)’:dx}
(n=1)(bp—aq) ((px+q)" (px+q)"
1738, J-(ax + b)’: Do -1 { (ax + b):1 4 m(bp—ag) I (ax+b)" }
(px+q) (n—m-Dp |(px+q) px+q)"
-1 { (ax+b)" (ax+b)"" }
1 —ma 7n_ldx
(n=Dp ((px+q)" (px+q)

(4) Integrals Involving \/ax + b and px + ¢q

1741 J- px+q dr= 2(apx +3aq — 2bp) N

Jax+b 3a?
1 1n(\/p(ax+b)—\/bp—aq]

17.42 J dx B Jbp—aq\/p \plax+b)+.Jbp—aq
o (px+g)Nax+b 2 - plax+b)
Jag—bp[p aq—bp
2Jax+b \/bp aql [\/p(ax+b)—\/bp—an
1743 J\/ax+bdx_ p pp \Jplax+b)+bp—aq
4.3. px+gq 2Jax+b _2\/aq—bp tanl\/p(ax+b)
p pp aq—bp
2px+q)*'Nax+b  bp—aq (px+q)"
17.4.4. +¢q)'Nax+bdx= +
[(prtqyJax+b s (2n+3)p (2n+3)p I Jax+b
dx ax+b (2n—-3)a dx
1745. | - = | -
(px+q)'Nax+b  (n—1)(ag—bp)(px+q)™"  2(n—1)ag—bp) * (px+q)""'Nax+b
17.4.6. J-(px+q) 2(px+q)”\/ax+b+2n(aq—bp) J(px+q)”’ldx
’ Jax+b (2n+1a (n+1)a Jax+b
1747, [YEED g Nexrth __a dx
(px+q) (n=Dp(px+q) 2(n=Dp *(px+q)" Nax+b



TABLES OF SPECIAL INDEFINITE INTEGRALS

(5) Integrals Involving Vax +b and /px+¢q

%ln(\/a(pxﬂ—q)‘i‘\/l?(ax"'b))

1751, | dx _
\/(ax +b)(px+q) 2 can”! —plax+b)
\J—ap a(px+q)
xdx _,/(ax+b)(px+q)_bp+aq dx
17:5.2. '[ J@ax+b)(px+q) B ap 2ap '[ J@ax+b)(px+q)

2apx +bp+aq (bp—aq)’ dx
1753, | Jlax+b)(px+q) dv = —————=J(ax +b)(px+¢) -
[ax+b)(px+q) dx dap (ax+b)(px+q) 8ap J (ax +b)(px+q)

1754, J\/px+qu:\/(ax+b)(px+q)+aq—bp J dx
ax+b a 2a J@ax+b)(px+q)
1755 J dx _ 2Jax+b
T Y (px+g)lax+b)(px+q)  (ag—Dbp)Jpx+q

(6) Integrals Involving x? + a*

176.1. | xz‘faz = étan"' %

17.62. | xf j_b;z = %m (x* +a)
17.63. | xf zf’; —=x—atan’ g
17.6.4. fof} =x—22—§ln(x2 +a%)

dx 1 x* j
17.6.5. ——=—1
-[x(x2 +a’) 24’ n(xz +d’

dx 1 1 X
17.6.6. Jm——g—gtan ;

dx 1 1 X
17.6.7. =— ———In
J‘)63()62 +a?) 2a°x*  2a' (xz +d’ j

17.68. | s
(x"+a’) 2a(x"+a) 2a a
xdx -1
17.6.9. =
-[()c2 +a*) 2x*+ad%)
x’dx -X 1 X

17.6.10. = +—t
J‘(162+az)2 2x*+a*) 2a a
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3 2
17611, [— @ v ey
x"+a)y 2x"+a) 2
dx 1 1 x’
17.6.12. = + n
J-x()cz +a*)’ 2d*(x*+a*) 24 (xz + az)
dx 1 X o
e T e T YL
dx 1 1 1 x*
17.6.14. = n
J-xg(xz +a*)’ 2a°x* 2a°(xX*+d*) d° (xz + az)
17.6.15 _[ dx _ X + 2n—-73 J dx
TR HdD) 20— (P +aD)T 2n-2)a Y (P +ad)!
xdx -1
17.6.16. =
J x*+a>)" 2n-1)(x*+a’)""
17617, [—2 - 1 TR -
T I + ) 2m-Dad* (P +a>) a” x4+t
x"dx x"2dx ) x"2dx
17.6.18. J.(xz +a2)n - J(xz +a2)n—l - J.(xz +aZ)n
dx 1 dx 1 dx
17.6.19. =— -—
6 9 j xm (x2 + aZ)n aZ J xm (x2 + aZ )n—l a2 J m-2 (x2 + aZ)n

(7) Integrals Involving x> — a2, x? > a?

1 - 1
1771 | o 2=—1n(x a) or ——coth” =
X" —a 2a \x+a a a

xdx 1
17.7.2. sz — =5 (x> —a)

2 f—
1723 [ v in(2)

xz—az xX+a

2

J xdx X’ a

17.7.4. Ry 2—+2—ln(x2 -a%)
2 2
17.7.5. J%z%ln it
x(x*—a’) 2a X
17.7.6. J% = % + %ln(x — (1)
x*(x*—a’) ax 2a x+a

dx 1 1 x*
17.7.7. J‘xS(x2 - az) - 2a°x* B gln(xz - azj

17.7.8. j( dx — lln(’“—")

x*—a*)? _2a2(x2—a2) 4> \x+a
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xdx -1
17.79. | PRI YRR
2 f— —
17.7.10. | o x +iln(’“ “]
(x*=a’)y 2(x"—a’) 4a \x+a
x’dx —a’ 1 y 2
17.7.11. j(xz_az)z =yt )
dx -1 x°
17.7.12. jx(xz T T +gln(x2 _azj
dx X 3 xX—a
17.7.13. =
sz(xz a*)? a‘x 2a*(x*-a*) 4d° (x+a)
dx 1 1 x*
17.7.14. = —1In
J-x%(xz a*)? 2a*x* 2a*(x*-a*) d° (xz—azj
17715 _[ dx _ -X __2n-3 J~ dx
T I =d) 2D (P —a)" 2n-2)a® Y (P —ad)"!
xdx -1
17.7.16. =
j(XZ_aZ)n 2(n_1)(x2 _a2)n71
17707, [—2 - ! N -
ol ° x(x2 _a2)n z(n_ 1)(12()(:2 _a2)n—l aZ x(x2 _a2)n—l
x"dx x"2dx ) x"dx
17.7.18. j(xz—az)" = | Jm

(xz _ aZ )n—l

17.7.19 J- dx _LJ dx _iJ‘ dx
ole * xm(x2 _aZ)n a2 xmf2(x2 _aZ)n aZ xm (x2 _a2)n71

(8) Integrals Involving x* — a2, x* < a?

77

1 + 1
17.8.1. J. de 5 :2—ln(a x) or —tanh’li
a —x a

a—Xx a a
17.8.2. J%z—%ln(az —x)
17.8.3. jafz_diz =—x+§ln(zti)
17.8.4. jaf?’;z ——x—;—a—zln(az—f)

1785 [—& (X
Jx(az—xz)_ﬁnaz—xz

17.8.6. jdixz 1.1 1n(“+x)
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17.8.7.

17.8.8.

17.8.9.
17.8.10.
17.8.11.
17.8.12.
17.8.13.
17.8.14.
17.8.15.
17.8.16.
17.8.17.
17.8.18.

17.8.19.

(9) Integrals Involving v x* + a’

xdx _ a’

a 2(a* - x*

) 2

dx _ 1
2a*(a* — x

dx -1 X

a x

-l

j
j
j
f =5 a6
j
j
j
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1
+—=In(a’ —x%)

1 x?
) +Wln a’ —x*

_+7+iln(“”j
4 2a*(@*—x*) 4d° \a-x

- 4 2
2a"x

dx X

+
2a*(a*

xdx 1

T 2n- D (@ -y

2 2\n

2(n—1(a* - xH)""

X(Clz _ x2)n

" 2(n-1)d* (@ - x>

x"dx N J x"dx
™ 4
2 _x2)n (aZ _xZ)n

dx 1

J
J
J
B
J
J

_1 Id7x+i
_x2)n a2 xm(aZ_XZ)nfl aZ

+ iln x
-x3) a® \ad*-x’
N 2n-3 J' dx
Q2n-2)a* ? (a® —x*)""
1 dx
+ —_—
)n—l a2 J‘ x(aZ _ x2)n—l
3 j x"2dx
(aZ _ x2)n71
J- dx
XWZ (aZ _ x2)n

17.9.1.

17.9.2.

17.9.4.

dx
=
'[\;x +d
17.9.3. j\/

IJx +a’ 3

vx +a

x’dx x\/x +a’

x+a’ 2

x’dx (x +a’)y"?
—-a

X
=In(x++vx*+a*) or sinh'=
a

2
%ln(x+\/x2 +a%)
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17.9.5 dx _ 11 a+Nx*+d*
o jrxzmz"ﬁ X
17.9.6 dx _ Vxt+d?
e J. 2\/ 2 2 2
X Nx"+a ax
dx NESE V| a++x*+d?
17.9.7. J‘ = — ) +—31n S —
x3\/x2+a2 2a°x 2a X

2

2 2
1798. [Vx*+d® du= x—“‘2+“+%ln(x+ J+d?)

3/2

2 2
1799. [xl+d dx=%
2 2\3/2 2 2 2 4
17910, [xx+d gy YE T aNX Fa —%ln(x+\/x2+a2)

4 8
17 9 11 J'x3 xz +a2 dx: (x2 +a2)5/2 ~ a2(x2 +a2)3/2
9.11. N, - :

2 2 2 2
17912, [V =1 a —aln(‘”— “‘”J
x X
2 2 2 2
17913, [T ar=- T etV v ad)
X X
2 2 2 2 2 2
1794, [T = “xzt“ —Ziln[‘”; “x”‘]
X X a X
179.05. [ =2
R (x*+a*)" azx/x2 +a*
xdx -1
17.9.16. | EC
x2dx —X
17.9.17. = +In(x+Vx*+d?
J-(?C2 +a’)"? \/)c2 +a* ( )
17.9.18 jfi—\/x2+a2+a72
e * (x2 +a2)3/2 x2+a2
17.9.19 J‘ dx _ 1 —Lln a+x*+d
e x(x2+a2)3/2 a2 /—x2+a2 a3 X
dx _ Nt +d? X
17.9.20. sz(xzwz)m R ey e
dx -1 3 3 a+x*+d?
17921 [—————r= - +——In| ————
x(x"+a’) 2a2xz\/xz+a2 2a4\/x2+a2 2a X

2 2N\3/2 2 [ 2 2
17.9.22. j(x2+a2)3/2dx=x(x Za) +3a s g ta +§a4ln(x+\/x2+a2)
(x2+a2)5/2

17.9.23. P+a?)dx =
jx(x a” ) “dx 5
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2 215/2 2 /.2 243/2 4 [ 2 2 6
17.9.24. sz(x2+a2)3/2dx=x(x +a’) _a x(x“+a’) _axNXx +a —a—ln(x+m)
6 24 16 16
17.9.25. J‘x3(x2 +a2)3/2dx: (x2 +a2)7/2 _az(xz +a2)5/2
7 5
2 2N\3/2 3/2 (—2 3
17.9.26. j(x ta ) dx ()C +a ) +a sz +a2 _a3 IH[MJ
X 3 ¥
2 243/2 2 213/2 2 2
17.9.27. J‘wdx:_(x +a’) +3x\/x2+a +%a21n(x+m)
X

17.9.28.
2x* X

jM @) 3 7 -2an (awx +a]

(10) Integrals Involving x* —a®
=ln(x+Vx’—a

vx —a

17.10.1.

J' dx )J‘
JxP—a’ Vx?
Xy _xx’-a +%1n<x+M>

17.10.2. j
\/x -a’ 2
X (x2 _ aZ )3/2 5 > >
17.10.3. j = +a’\x* —a
\/.Xz — Clz 3
17.10.4. j L S I
xxt—-a* a a
dx x*—d*
17.10.5. =
.[xz -l a’x
2 2
N 1
17.10.6. | e woa 1]
3Jx 2a°x 2a a

[..2 2 2
17.10.7. J-\/xz —a*tdx= %—a?ln(x+\/x2 —-a’)

)3/2

17108, [x/x’-a EN € Sl

3

2
17.109. [’ —a® dx = R

a2)3/2

2 [ 2 2 4
L LIV T —%1n(x+\/x2—a2)

4 8

2 2\52 2,2 2\32
17.10.10. j P = 5a ) ad’x 3a )
2_ 2
17.1011. | dezm ~asec| X
X a

2 2 2 2
R N AT NN g
X X

17.10.12. j
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17.10.13.

17.10.14.

17.10.15.

17.10.16.

17.10.17.

17.10.18.

17.10.19.

17.10.20.

17.10.21.

17.10.22.

17.10.23.

17.10.24.

17.10.25.

17.10.26.

17.10.27.

Jx*—a? Jxt—-a® 1 ] x
J—de=——2+—sec —
X 2x 2a a
J dx _ X
2 2\32
(x"=a’) a*Nxt—a?

xdx -1
J.(xz _az)a/z - x2 B

x*dx X 7
J(xz_az)3/2=_m+ln(x+ x*—a*)
2

3
x dx I a
Jﬁz =t - —
(x"—a’) 2

X —a
J- dx -1 1 ] x
= ——sec |—
2 2,372 3
x(x“—a’) a’Nx*—a® a a
2 2
J- dx _ x“—a X
2, 2 2\32 4 -
x(x"—a”) a’x a“\/xz—az
_[ dx 1 3 3

3,2 2\32 - 5
x(x"—a’) 202N —a? 2a*Nx*—d* 2a

2_ 2,\3/2 2 / 2_ 2
J.(xz—az)3/2dx=x(x @) _3ax *d +§a4ln(x+\/x2—a2)

4 8

(x* —a*)™"?

2 2,372
x(x? — dx =
J ( a ) 5

(x2 _ 02)5/2 N a2x(x2 _ a2)3/2 a4x [x2 _ aZ N

J‘xz(xz —a*)dx = X

6 24
J'x3 ()i = 2 —a)? B -at)"
7 5

3/2

)
'[ X 3

dx =

2 2,\3/2
x’—a Ll x
dx=( ) —a’\x*—d* +a’sec™

a

16

6

;l—6ln(x+\/x2 —a*)

22432 22832 2 _ 2
JE g L I 2 e )

X 2

(x _a2)3/2 (xz —a*)"? 3m 3
J > dx=— —+
X’ 2x 2

(11) Integrals Involving va* — x*

—=asec™

81

17.11.1.

17.11.2.

xdx
I

L X
=sm —

dx
="

—_ /az_xz



82 TABLES OF SPECIAL INDEFINITE INTEGRALS

x’dx xwa'-x* a* . | x
17113, - L X
Ja* —x’ 2 2 a
x3dx (az _ x2)3/2
17.114. = N2
Ja* = x* 3
17.11.5. =——In

dx 1 a++a® —x*
J‘x [a2_x2 a

2 2
a —Xx

17106, [—2 -
R X2 /az_xz a’x
_[ dx =_\/a2—x2 1 a+a*—x*
x’Na* - x’ 2a°x*  2d’
2 2 2
17118, (Vo' -2 de =220 Ssin

2 2 a

17.11.7.

2 2332
17119, [xa® —Pdx= _la =X

3
2 _ 24372 2 2 _ 2 4
17.11.10. J.XQ\/az—xzdxz—x(a X)L AN X 4 X
4 8 8 a
17.11.11. J‘x3 /—az Py (@ _;2)5/2 B @’ (@ ;xz)yz
2 2 2 2
17.11.12. jiwdx:/az_xz _aln[ﬁi va —x ]
X X
2 2 2 2
17.11.13. J L;xdx:_L‘x —sin?' X
X X a
2 _ .2 2 _ .2 2 _ 2
17.11.14. ji”‘f‘dx=_7“‘j‘+iln atNa —x
X 2x 2a X
171115, | X
T (a® = x*)" az\/az—x2
xdx B 1
17.11.16. j(a2 B
x’dx b L X
17.11.17. j(az S e B
3 2
17.11.18. j%z e
(a—x7) at—x?
dx 1 1. [a+va’—x°
171119, [—— = ——In|
x(a”—x") az\/az —xr a X
17.11.20 dx __Na' =< X
D sz(az_xz)m__ P +a4 P
17.11.21. =

| dx 103 3 farVa X
@ =" 28— 2at - ¥ 28

X
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17.11.22.

17.11.23.

17.11.24.

17.11.25.

17.11.26.

17.11.27.

17.11.28.

(12)

(az—x2)3/2+3a2x /az_xz

J(az—xz)mdx: X

3 4. X
+=a"sin” —

a

4 2 2
+a xNva —x 616 X

+—sin"' =

4 8
J‘x(az _ x2)3/2dx __ (az - x2)5/2
5
2 2\52 2.2 232
sz(az —x2)3/2dx=—x(a x7) +a x(a”—x7)

6 24
(a* — x*)"? ~ a(a® - x*)™"?

7 5

st(az —xz)mdx —

16 16 a

J(az_xz)yzdx:(az_;z)yz+a2 aZ_XZ_a3h{a+ /az_xzj
X X
(@ - x*)"? @ -x)" 3x [Z— 2 3 Y %
_[ > dx=— - ——a’sin” —
X X 2 2 a
(@ - x*)" @ -7 3 [P— 3 atNa® — 22
J ——dx=— - +=aln| ————
X 2x 2 2 X

Integrals Involving ax* + bx + ¢

83

17.12.1.

J

2 can” 2ax+b
dx \/4ac— b? \/4ac—b2

ax2+bx+c= 1 1n[2ax+b—\/b2—4acj

\/b2—4ac 2ax+b+\/b2—4ac

If b> =4ac, ax* + bx+c=a(x+b/2a)* andtheresults 17.1.6to 17.1.10 and 17.1.14 to 17.1.17 can be used.
If b = 0 use results on page 75. If a or ¢ = 0 use results on pages 71-72.

17.12.2.

17.12.3.

17.12.4.

17.12.5.

17.12.6.

17.12.7.

17.12.8.

J
J
J
J

J

J
J

d 1 b d
zxix:—ln(axz+bx+c)—— J.zix
ax+bx+c 2a 2a Y ax”+bx+c

2d b b -2 d
=2 T thx o)t [
ax“+bx+c a 2a 2a ax”+bx+c

x"dx xm! _c x"2dx _é_.. x" ' dx
ax>+bx+c (m-Da a dax*+bx+c a dax*+bx+c

oA U X ) b dx
x(ax*+bx+c¢) 2c¢ \ax*+bx+c) 2¢ dax*+bx+c

J' dx
ax’ +bx+c

dx _L ax’ +bx+c _L b* —2ac
x*(ax* +bx+c) 27 x° cx 2¢*

dx _ 1 3 2 J- dx _a
x"(ax* +bx+c¢) m—-Dex™" ¢ Y x" M ax® +bx+0)

dx 2ax+b 2a

a dx
J. n=2 2
c Y x"(ax"+bx+c)

dx

2 2= 2 2 + 2
(ax“+bx+c)” (dac—b")ax" +bx+c) 4dac—b

J

ax*+bx+c
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J- xdx _ bx +2c 3 b J- dx
17.12.9. (ax® + bx +c¢)? (4ac—b*)ax* +bx+c) 4dac—b* Y ax* +bx+c
J xdx _ (b* —2ac)x +bc N 2c J dx
17.12.10. (ax> +bx+c¢)  a(dac—b*)ax*+bx+c) 4dac—b* Y ax* +bx+c
17.12.11 J x"dx _ xm! N (m-1c J x"2dx
T (ax* +bx+c)" Q@n—-m—-Da(ax* +bx+c¢)"" Q@n-m—1a ? (ax* +bx+c)"
B (n—m)b J- x"'dx
@Cn-m-"Da ? (ax* +bx+¢)"
17 12 12 J Zn ldx 1 j x2n73dx _E j x2)173dx _2 '[ x2n72dx
e (ax® +bx +c)" (ax®* +bx+o)" a ?(ax* +bx+c) (ax® +bx+c)"
J 1 _i dx +l dx
17.12.13. x(ax® +bx +¢)’ 2c(ax2 +bx+c) 2¢ Y (ax* +bx+c¢) ¢ ? x(ax* +bx+c)
17214, [ : e A& &
7.12.14. (ax +bx + c) cx(ax2 +bx+c) ¢ Y(ax*+bx+c) ¢ Y x(ax’ +bx+c)
1 (m+2n-3)a dx
17.12.15. - -
'[ (ax +bx + c) (m—Dex™ " (ax* + bx +¢)"™ (m-1)c J. 2(ax* +bx+c)
: (m+n-2)b J‘ dx
(m-1)c x"ax® +bx +c)"

(13) Integrals Involving vax*+bx +c

In the following results if b> = 4ac, Vax® + bx + ¢ =a(x + b/ 2a) and the results 17.1 can be used. If b = 0
use the results 17.9. If @ = 0 or ¢ = 0 use the results 17.2 and 17.5.

1
In(2avax® + bx+c +2ax+b)

dx Ja

17131, [————=
Jax* +bx+c¢ 1 sin_l[ 2ax+b j or 1 sinh_{ 2ax+b ]
v—a \Vb* —4ac Ja Vdac - b’

_[ xdx _\/ax2+bx+c_£J X
Nax* +bx+c a 2a * \ax®* +bx+c

x*dx 2ax 3b 3b* —4dac dx
17.13.3. Jax? +bx+c +
J-\/ax +bx+c 4a’ 8a’ '[\/ax2+bx+c

__1 [2\/2\/61)( +bx+c +bx+20j

d Je
17.134. | =

xvax? +bx+c 1 ,_,( bx +2c j 1 . _1( bx+2c j
sin or sinh

17.13.2.

X

J= " \ix1Jb’ —4ac e x| dac— b
_[ dx Nax? +bx+c

b dx
XQm - cxX 2¢ Jxm
2
17136, [Vax +bx+eds= (2ax+b)\/m dac—b

17.13.5.

J- dx
\/ax +bx+c
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17.13.7.

17.13.8.

17.13.9.

17.13.10.

17.13.11.

17.13.12.

17.13.13.

17.13.14.

17.13.15.

17.13.16.

17.13.17.

17.13.18.

17.13.19.

3/2

2
Jx\/axz +bx+cdx= (ax +bx+c) - b(2ax2+ b) Nax? +bx+c¢

b(4ac b*) dx

16a’ Nax? +bx+c¢

szxlax2+bx+cdx=66;x4_fb(ax2+bx+c)3/2 Sb —4ac J\/ax +bx+cdx
a

_[ +CJ dx
\/ax +bx+c x\/ax2+bx+c

J-\/axz-i—bx+cdx__\/ax2+bx+c+aJ- dx b J- dx
x2 B X

+_ —
Nax*+bx+c 2 ° xJax*+bx+c

/ 2
J%bx” =+ax’ +bx+c+—

_[ dx _ 2(2ax +b)
(ax* +bx +c)™"? (4ac—b*Wax* +bx+c
J xdx B 2(bx+2c)
(ax* +bx+c)"?  (b* —dacyax* +bx+c
_[ x2dx _ (2b* —4ac)x +2bc 1 J- dx
(ax’ +bx+c)*? a(4ac —b*)Wax* +bx+c Vax* +bx +c
_[ dx _ 1 + l J- x 3 i J- dx
x(ax® +bx+c)™"? cNax’> +bx+c ¢ T xJax’ +bx+c 2 (ax* +bx+c)*?

J dx B ax® +2bx+c b* —2ac J- dx
(ax*> +bx+c)

=- +
2 2 3/2 2
x“(ax”+bx+c) xNax® +bx+c 2c
3b J x
o .
2c xNax? +bx+c

(2ax + b)(ax® + bx+¢c)"™"? N 2n+(4ac—b*)

3/2

J(ax +bx+c)"" dx =

4a(n+1) 8a(n+1)
n+3/2
Jx(ax +bx+c) " dx = (@’ +bx+ o b I(axz +bx+c)"" dx
a(2n+3) a
J dx _ 2(2ax +b)
(ax’ +bx+0)""?  (2n—1)(4ac - b*)ax® + bx +¢c)"""
8a(n—1) dx
I n—-1/2

(2n—1)(4ac—-b*) ? (ax’> +bx +c)
J dx B 1
x(ax* +bx +¢) 2n—-De(ax®> +bx +c¢)

n+l/2
1 dx b dx
+- j 2 12 A . J 2 n+1/2
c Y x(ax"+bx+c) 2¢ J (ax”+bx+c)

n—1/2

85

J(axz +bx+c) " dx
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(14) Integrals Involving x* + a*

Note that for formulas involving x* — a* replace a with —a.

(x+a) )+ 21 L, 2x—a
a

V3

d 2_ 2 _
17.14.2. JL=Lln(x ax+a j+ L a1 224

17141 | dx =i21n(

+d 6a

2 2
X" —ax+a

X+d 6a (x+a)’

x2dx 1
17.14.3. j S gln(x3 +a’)
3
17.14.4. jdix L[
x(x*+a’) 3d \X+d°
dx 1 1 X —ax+a’ 1 2x—a
17.14.5. ——=——-—1 - tan™'
'[x2 x* +a) a’x 6a’ ( (x+a)’ j a*\3 a3
dx X 1 (x+a)’ j 2 L 2x—a
17.14.6. = —1 + tan
'[(x3 +a’) 3 +d) 94’ (xz —ax+d*) 3a°\3 a3
xdx x° 1 X’ —ax+a’ 1 2x—a
17.14.7. = + In + tan”'
J‘(x3 +a’) 3d’(x*+d’) 184* ( (x+a) 3a*3 a3
x’dx 1
17.148. | P v s
17149, [—2 - ML
I+ a3 +dd) 308 \ K +d
dx 1 x* 4 xdx
17.14.10. _ - See 17.14.2.
J‘xz(x3 +a’)’ a®x 3a°(x*+a’) 3d° -[x3 +a’ (See )
x"dx  x"? x"dx
17.14.11. jx3 L= | 5
dx -1 1 dx
17.14.12. = - |——
J. (P +ad’) dm-Dx" A J. X" +ad)

(15) Integrals Involving x* + a*

17151, | e _ 1 (Fvadrad) 1 foaf oV2) ) a2
U t+dt 4dlV2 (P —ax2+d 24’2 a a

xdx 1 X
17.15.2. J‘m = z—aztan ! ?

x*dx 1 X —ax2+d* 1 2 xv2
17.15.3. = In - tan”' | 1- ——|—tan™'| 1+
J‘)64 +at  4a2 (xz +ax2+ad’ 2a\2 a a

)
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17.15.4.

4

x*dx 1 P
Jx4+a =Zln(x +a”)

dx 1 x*
17155, |—F—5= In
'[x(x4 +a') 4a* (x4 + a4)

17.15.6. J dx _ 11 In W —ax2+d’
X (xt+a*) a‘x  4a°\2 X +ax2+d?

+ —2a51 7 [tan1 (1 - %} —tan”' (1 + %ﬂ

J dx 1 1 a X

Xt +at) 2a*x*  24° a

17.15.7.

17.158. | dx (e L
xt—at 44’ x+a a

xdx 1 (x*-a°
17.159. [——=—n

4 4 = 2 2 2
x —a da x“+a

2
17.1510. [ dx4=i1n(x “)Jritan-‘f
x —a da \x+a) 2a a

*d 1
17.15.11. jxf_fﬂ =G ~a")
4 4
17.15.12. J%z%ln(x 461 j
x(x"—a a X

dx 1 1 xX—a 1 X

17.15.13. —_ =+ —ln( j+ ——tan"' =
'|.)c3()c4 —-a") ad'x 4ad’ x+a) 24d° a

dx 1 1 x*—a’

171514, [ TEynayrehrw L] e

(16) Integrals Involving x" + a”

17.16.1. jL iln( a j

x(x"+a") - na" \x"+a"
" 1
17162, [=—-=-In(x"+a")
x"+a" n
17.16.3. J- x"dx =J- X dxl_anJ-x dx
x"+a") x"+a")"” " +a")
m6s, [—& L& Ly &
M o T xm (xn + all )r all xm (xll + an )V*l an XM*n (xl'l + an )r
dx 1 Nx"+a" - \/a_”
17.165. | = In
x\/x” +a" n\/a7

\/x”+a" +\/a_”
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d 1 L
17.16.6. jnixn=—n1n(x naj
x(x"—a") na X
n—1
17.167. [ D e —aty
X —d n
17.16.8. jfidxnza" [ e, [— dr
(x"—a") (x"—a") (x"=a")

17.16.9 J- dx _ L dx 3 LJ- dx
¢ e xm (xﬂ _ a)l))' a}l xm*)l (xﬂ _ a)l))' an xm (xﬂ _ aVl)r*I

17.16.10. cos™
J xNx"=a" n\/7

"~ L3 (k-] + acos[ (2k — /2
17611 [ z,HZsin( k )pntanl(x acos[(2k =D m]J

" +a™ mat"? o 2m asin[(2k — 1)rt/2m)]

1 < 2k -1
zcosi( k—Dpm

2m-p

ln(x2 +2axcos
2ma pam 2m

Qk-r +a2j

m

where 0 < p = 2m.

x"'dx 1 kpm km
17.16.12. = cos—ln —2axcos—+
Jx2m _aZm 2ma2m P Zt m ('x ax m a )
1 & . kpm [ x—acos(km/m)
- 2 sSin——tan | ———————
ma pom m asin (kw/m)
+ In(x—a)+(-D)"In(x+a
YT {In(x—a)+(=D"In(x+a)}
where 0 < p = 2m.
rd 2(=1"! oo 2k +acos[2km/(2m +1
17.16.13. J Zm)-fl ‘x;m-ﬁ—l = ( )2m7 p+1 i e t n_] a a [ ( 7 )]
X" +a Cm+Da™ " o 2m+1 asin[2kr/(2m+1)]
! “ 2 2
- =D — Zcos kpz ln(x2 + 2ax cos hm +a2)
Cm+Da™ " o 2m+1 2m+1
D" In(x +a)
Qm+1a*" "
where 0 <p =2m + 1.
p-l - u - 2km/(2m +1
171614, [ d 2 S gin 2RI i X acosl2hn/m+ D
x"—a™ Cm+Da™ " o3 2m+1 asin[2km/(2m +1)]

+ 2 (xz —2axcos 2kn + azj
2m+ l)az"’ £ 2m+1
In(x—a)
QCm+ a7

where 0 <p =2m + 1.
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(17)

Integrals Involving sin ax

17.17.1. ﬁmwwz—

17.17.2.
17.17.3.

17.17 4.
17.17.5.
17.17.6.

17.17.7.

17.17.8.

17.17.9.
17.17.10.
17.17.11.
17.17.12.
17.17.13.
17.17.14.
17.17.15.
17.17.16.
17.17.17.

17.17.18.

J.xsinaxdxz

J dx=ax
X 3-31 5.5
Jsinzaxdxz_sinaeraJcosax
X X X
d 1 1
_[ - al =—ln(cscax—cotax)=—1ntanﬂ
sinax o o 2
J xdx 1 ax+(ax)3 Jr7(ax)5 s
sinax a® 18 1800
in2
J.sinzaxdxzﬁ—sm—ax
da
stinzaxdx—ﬁ—XSinzax cos2ax
4 4a 8a*
3
Jsin3axdx=_cosax+cos ax
a 3a
_[sin“axdx _ 3_x 3 sin2ax sin4dax
8 4a 32a
dx 1
_[ —— =——cotax
sin” ax a
dx cosax

J

sinax

a

2
a

a

cosax

2

sinax  Xxcosax

a

@) @)’

5 . 2x . 2 X
J.x sinax dx = —sinax +| — —— [cosax
a

a

a a

3. 3x* 6. 6x x°
J.x sinaxdx =|—-—— [sinax +| — ——|cosax
a a

dx (See 17.18.5.)

2 22n71 _1 B 2n+1
( )B,(@)™"

-3 -2
sin’ ax 2asin” ax

X (ﬂ: ax)
“tan| —+—
a 4 2

sin(p—q)x sin(p+qg)x

2a

1 ax
+—Intan—
2

2n+1)! }

2(p—q)

Jsin pxsingx dx =
dx 1 (77:
sz—tan —
l—sinax a 4
J xdx
1—sinax
dx 1
-
1+ sinax o

+

3)
2

a

2(p+9q)

2 (T
+—2lnsm(——
4

(If p=+gq,see 17.17.9.)

3
2
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17.17.19.

17.17.20.

17.17.21.

17.17.22.

J
J

J

J

dx 1 (77: ax) | 3(7'6 ax)
——————=—-—tan|———|-—tan’ [ ———
(1+sinax) 2a 4 2) 6a 4 2

dx

TABLES OF SPECIAL INDEFINITE INTEGRALS

xdx X T oax 2 . (T ax
————=——tan|——— |+—Insin| —+—
1+ sinax a 4 2 a 4 2

dx 1 T oax 1 (T ax
——————=—tan|—+—|+—tan’ | —+—
(1-sinax)” 2a 4 2 6a 4 2

2 tan 4 ax +
tan”! 14 2 q

Jalr -4 P-4

p+gsinax 1 ! (ptanéax+q—\/q2—p2]
n

a\qg - p* \ptanlax+q+q -p’

(Ifp==*gqg,see 17.17.16 and 17.17.18.)

17.17.23.

J

dx

(p+gsinax)’  a(p’ —q*)p+gsinax) p’—q

gcosax p dx
+ |

p+gsinax

(If p=+ ¢, see 17.17.20 and 17.17.21.)

17.17.24.

17.17.25.

17.17.26.

17.17.27.

17.17.28.

17.17.29.

17.17.30.

(18)

J

J

J.x'" sinaxdx =—

dx 1 ! Jp’ +q tanax
- = an
p g’ sin’ax  gp\pt+4 p
1 tan™! Jp*—q* tanax
an
dx ap\[p* = ¢’ p

p’—q’sin’ ax 1 | (\/qz—pz tanax+p]
n
2

Zap\/qz—p \/cf—p2 tanax— p

x" cosax N mx" 'sinax  m(m
- _

-1
5 ) ‘[x’"’z sinax dx

a a a
sinax sin ax a cosax
Sy =— ot —— [dr (See 17.18.30.)
X (n=Dx n—1"+9 x
- n-l
. sin"” axcosax n-1 ¢ . ,_
sin” axdx = — + Jsm" 2 axdx
an n
dx —cosax +n—2 J- dx
sin"ax a(m-Dsin" " ax n—-1 Jsin"*ax
xdx  —xcosax 1 Jrn—2 J- xdx
sin"ax  a(m—Dsin""'ax a*(n—-1)(n—-2)sin" *ax n-1 Jsin"ax

Integrals Involving cos ax

17.18.1. jcos axdx =

17.18.2. jx cosaxdx =

sinax

a

cosax xsinax
— t
a

a
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2
17.18.3. J.x cosaxdx——xcosax+(x———Js1nax
a a
3
17.18.4. J. cosaxdx—(3—2—%Jcosax+(x——6—fjsinax
a a a a
17.18.5. Jcosax e Inx (ax)2 (ax)“_(ax)6
2:21 44! 6-6!
17.18.6. jCOW = [P (See17.17.5)
X X
1 1
17.18.7. J. dx =—1n(secax+tanax)=—lntan( +ﬂj
cosax a a 4 2
1788, [ oL @), @) S@, |, E@
T Jcosax at| 2 8 144 (2n+2)(2n)!

in 2
17.18.9. Jcosz axdx = X + S £ax
2 4a
2

) x> xsin2ax cos2ax
17.18.10.  [xcos’ axdx ="+ ==
4 4a 8a

sinax sin®ax

17.18.11. jcos3 axdx =
a 3a

4 3x sin2ax sindax
17.18.12.  [cos®avdy=""+——+
8 4a 32a

dx tan ax
17.18.13. | =

3 =
COSs ax a

17.18.14. | de _ _simax 1, tan( + ﬂj
cos’ax 2acos’ax 2a 4 2
sin(a— p)x N sin(a+ p)x

17.18.15. Jcos axcos pxdx =
2(a-p) 2(a+p)

(Ifa==xp, see 17.18.9.)

17.18.16. jdix -
1—cosax a
xdx 2 )
17.18.17. J =——cot— + —Insin
1—cosax a a’
171818, [—2 L&
l1+cosax a
d
17.18.19. JL . tan% + %ln cos @
l+cosax a 2 a 2
17.18.20. jLz = Lep® L&
(1—-cosax) 2a 2 6a 2
17.18.21. jdix Ll L ™
(1+cosax)* 2a 2  6a P}

#tan"'1/(p—q)/(p+q)tanlax
17.18.22 jL— wp-a ’
) v geosax L [tanéax+«/(q+p)/(q—p)] (If p= g, see 17.18.16

n
a\lg* = p* \tanjax—\(g+p)/(g-p) and 17.18.18.)
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17.18.23.

17.18.24.

17.18.25.

17.18.26.

17.18.27.

17.18.28.

17.18.29.

17.18.30.

(19)

TABLES OF SPECIAL INDEFINITE INTEGRALS

J- dx _ gsinax b J‘ dx (If p=+q see 17.18.19
(p+qcosax)’  a(g’—p*)p+gqcosax) q°—p° ? p+qcosax and 17.18.20.)
dx 1 _, ptanax
-[ 2 2 2 2 2 tan 2 2
p’+q° cos” ax ap\/p +q \/p +q
1 _, Dptanax
| dx ap\/pz—q \/p -4
P —q cos’ax 1 | Ptanax - qg-p
n
2ap\lq* — p° | ptanax++/q° - p’
x" sinax m-l -1
Jx cosaxdx = +mx2 cosax—mj "2 cosax dx
a a
cos ax cosax a sin ax
j - [P Ay (See 17.1727)
(n—=1x n—1
sinax cos"” -1
Jcos axdx = el J‘cos”"2 ax dx
an n
sin ax n—2 dx
fot ey 2
cos"ax a(n—1)cos" ax b-1 Y cos" " ax
J xdx X sinax 1 +n—2j xdx
cos"ax a(n—1)cos" " ax a*(n—-1)(n-2)cos" *ax n-1 7 cos"ax

Integrals Involving sin ax and cos ax

17.19.1.

17.19.2.

17.19.3.

17.19.4.

17.19.5.

17.19.6.

17.19.7.

17.19.8.

17.19.9.

. sin? ax
j sinaxcosaxdx =
2a
- +
jsin pxcosgxdx =— cos(p=q)x _ cos(ptg)x
2(p—q) 2p+q)
. n+l
[sin"axcosaxdx = S 9 (ffp=—1, see 17.21.1.)
(n+1a
n+l
[cosaxsinaxdr=-""—5 (1fn=-1, see 17.20.1)
(n+Da
s ) x sindax
Ism axcos axdx=——
8 32a
dx 1
_".7 =—Intanax
sinaxcosax a
1 (ﬂ ax) 1
J =—Intan| —+— |- —
sin axcosax a 4 asinax
1 ax 1
j =—Intan—+
sinaxcos’ax a 2  acosax
J- _ 2cot2ax

SlIl axcos ax a
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17.19.10. | sinax o Snex L (ﬂ + 5)

cos ax a a 4
17.19.11. jCOS W= L an

sinax a a

1

17.19.12. | =F — 4+ —Intan (— + —)

cos ax(l +sinax) 2a(lxsinax) 2a 2 4
17.1913. | =+ ! + L in@n®

sin ax(l + cosax) 2a(l1xcosax) 2a 2

ax
17.19.14. In tan +—
'[ sinax * cosax a\/_ ( 8)
sinaxdx  x _ 1

17.19.15.  [—————="%_—In(sinax * cosax)

sinaxtcosax 2 2a

cosax dx 1
17.19.16. '[ = + +—In(sinax £ cosax)
nax * cosax 2 2a
sin ax dx 1

17.19.17. [—————=-—In(p+qcosax)

p+gcosax  aq

cosax dx 1

17.19.18. J =—7In(p+gsinax)

p+gsinax aq
17.19.19 J- sinax dx 1

T I (p+geosax)t aq(n (p+gcosax)"™
17.19.20 _[ cosax dx -1
T N (p+gsinax)” aq(n D(p+ gsinax)"™"
-1

171921, | In tan| & 10_(9/P)

psinax + gcosax a\/p +q 2

2 can”" p+(r—g)tan(ax/2)

171922 J dx ~ a’yz_pz_qz r2_p2_q2

psinax +gcosax+r 1 " p—m+(r—q)tan(ax/2)

a\Jp’+q* =1 \p+p +¢ —r* +(r—¢)tan(ax/2)

(If r=g see 17.19.23. If * = p* + ¢* see 17.19.24.)

1

17.19.23.  [— dx = —ln(q+ ptan@)

psinax+qg(l+cosax) ap 2

dx -1 7 _ax+tan (q/

17.19.24.  [— - tan( T &J

psinax+qcosax+\p*+q°  ap*+q’ 4 2

dx 1 _i[ ptanax

171925, [———————=—tan" (”7)

p’sin*ax+q’cos’ax apq q

d I tan ax —
17.1926. [———————= ln(p anax qj
p sin“ax—q cos“ax 2apq \ptanax-+gq
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sin""axcos"'ax m-1 ¢ . ,, n
- + J.sm axcos” ax dx
a(m+n) m+n

17.1927.  [sin" axcos axdx={ 77
sin”" ax cos ax+ n—1

j sin™ ax cos" % axdx

a(m+n) m+n
sin” " ax m—1 J- sin”? ax d
- X
an—1cos" ax n-1 7 cos"?ax
s m s m+l sam
sin” ax sin”" ax m—n+2 ¢ sin” ax
17.19.28. [——dx= A [—=
cos” ax a(n—1)cos"™ ax n—1 cos" " ax
—sin"" ax Lm- 1 J- sin”* ax p
X
a(m—n)cos" 'ax m-n ? cos"ax
—cos" " ax m—1 J cos”* ax i
a(n—"Dsin""'ax n-1 7 sin" ?ax
m m+1 m
cos” ax —cos™" ax m—n+2 ¢ cos”ax
17.1929. [———dx= — |
sin” ax a(n—1)sin"" ax n—1 sin"" " ax
- )
cos”" " ax m—1 J cos” > ax 4
by
a(m—n)sin"'ax m-n ? sin"ax
1 N m+n—2 J- dx
dx a(n—1)sin""axcos"'ax  n-1 sin” axcos"* ax
17.19.30. [—————=
sin” ax cos” ax -1 +m+n—2 J~ dx
am—1Dsin" " axcos" ax  m—1 sin" % ax cos” ax

(20) Integrals Involving tan ax

17.20.1. jtan axdx = —1ln cosax = lln secax

a a
t
17202, [tan® avdy=—""—x
a
tanax 1
17.20.3.  [tan’ axdx = +—Incosax
2a a
t n+l
17.20.4. jtan” axsec? axdx = 24X
(n+1a
2
17.20.5. j sec_ax dx = lln tan ax

tanax a

17.20.6. | & 1 sinax
tanax a

17.20.7. jx tanax dx =

3 5 7 2n 2n _ 2n+1
iz (ax) N (ax) N 2(ax) et 272 1)B, (ax) e
a 3 15 105 2n+1)!

17.20.8.

3 5 22n 22;1 _ ] 2n-1
J-tanaxdx=ax+(ax) L2an)” 2 )B, (@)™
x 9 75 (2n—D(2n)!

2

1 X
+—Incosax——
a a 2

X tanax

17.20.9. jxtan2 axdx =
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dx px q

17.20.10. J In(gsinax+ pcosax)

= +
p+qtanax p2 +q2 a(p2 +q2)

tan"™" ax

(n=Da

17.20.11. Jtan" axdx = - J-tan”‘z axdx

(21) Integrals Involving cot ax

95

17.21.1. Jcotaxdx = lln sinax

a
17.21.2. Jcotz axdx =— cotax _ X
a
2
17.21.3. J.cot3ax dx=-— cot ax _ lln sinax
2a a
n+l
17.21.4. Jcot” axese? axdy =— 2
(n+1a

2
cscTax 1
J dx=——Incotax
cotax a

17.21.5.

17216 | & Ly cosax
cotax a

3 5 2n 2n+l1
17.21.7. J‘xcotaxdxziz ax—(ax) _(ax) —---—2 B, (ax) -
a 9 225 2n+1)!
t 3 2n 2n-1
17218, J-CO axdx:_L_ﬂ_(ax) _.“_2 B (ax) L
X ax 3 135 2n-1(22n)!
xcotax 2

1
17.21.9. J.xcotz axdx=— +—In sinax—%

a a

d. .
172100, [—=— =PI iy (gsinax +geosar)
p+qcotax p +q a(p +q)

n—1

cot’ ax
(n—1Da

17.21.11. jcot"ax dx = — - jcot"-zax dx

(22) Integrals Involving sec ax

17.22.1. jsecaxdx = lln(secax +tanax) = lln tan(% + %)

a a
) tanax
17.222.  [sec’axdx =
a
N secaxtanax 1
17.22.3. ISGC ax dx =—— 4+ —In(secax + tanax)
2a 2a
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sec” ax

17.22.4. Jsec” axtanaxdx =
na

dx _ sinax
17225, [——=—

2 4 6 E 2n+2
17.22.6. stecaxdx = iz{(ax) + (ax) + Sax) +---+ L +}

a2 8 144 (2n+2)2n)!
2 4 6 2n
17.22.7. Jsecax de=lnx+ (@)’ 5@’ 6l@n)’ — E(a0)™
X 4 96 4320 2n(2n)!

1
17.22.8. Jx secaxdx = X tan ax + — Incosax
a a

17229, [—& X P&
B g+ psecax ¢q ¢q ° ptqgcosax

-2
sec" “axtanax n-—2

17.22.10.  [sec” axdx = +
a(n—1) n-1

J.sec”’zax dx

(23) Integrals Involving csc ax

1 1
17.23.1. Jcscax dx=—In(cscax —cotax)=—In tan%

a a
cot
17232, [escardv=—"—o
a
t 1
17.23.3. Jcsc3ax dr=—— L L ntan
2a 2a 2
17.23.4. J.csc"ax cotaxdx =— cse ax
na
17.235. | dx __cosax
cscax a

3 5 2 22n71 _1 B 2n+1
17.23.6. J.xcscaxdxziz{ax+ (ax) + 7(ax) 4ot ( )B, (ax) +}
a

18 1800 Q2n+1)!
3 2n-1 _ 2n-1
17.23.7. Jcscaxdx = —L+ﬂ+ T(ax) +o 4 22 DB, (ax) +-
X ax 6 1080 2n—-1(12n)!
tax 1
17238, [xesctavdr=—""""+ ~Insinax
a a
17.23.9. jdix EP G 17.1722)
g+ pcscax g g Y p+gsinax

csc” % ax cotax n- 2
an—1) n—1

17.23.10. _[csc" axdx=— J.csc"’zax dx
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(24) Integrals Involving Inverse Trigonometric Functions

17.24.1. '[sin’1 ax=xsint 24— 52
a a

2 2 2 2
[x aj,_lx xva —x

sin” —+
a 4

! X N (x* +2a*Wa* —x?
a 9

17.24.2. jx sin”' L dx =
a

3
17.243. [x*sin” Xar=2si
a

17.24.4. IL_I () o X 0 13(xla)” | 123 S(fa)
X a 2¢3¢3  2e4e5¢5 24060707
in~"(x/ in”' (x/. [2 2
17.24.5. dexz_m_lln atvNa —x
x x a x

2 2
17.24.6. J(sin’1 f) dx = x(sin"1 i) —2x+2Jad* - sin'
a a a

17.24.7. J.cos’l Xar=xcos'E-Ja -1
a a

17.248. [x cos™ Xax=

a ?_4 a 4

(xz azJ Lx xJa—-x*
— |cosT —— —

3 2 2P Wk — 2
17.24.9. '[xz cos’lfdxzx—cos’lﬁ—(x GNa —x
a 3 a 9

-1 / . /
17.24.10. jdezfmx_ jL(“’)dx (Sec 17.244)

X 2 X

1/ L) —
17.24.11. | Lgxa)dx:_—ws Wa) 1y, [@J

X X a x

2 2
17.24.12. J(cos'fj dxzx(cos1 f) —2x-2Ja —xPcos
a a

a

17.24.13. J.tan’1 Xax=xtan X %ln x*+a*)
a

a
1
17.24.14.  [x tan” Xidv=—(* +a’)tan X &
a 2 a 2
X .X3 X ax2 613
172415, [@tan” Tdv="tan? -y Lin( +a?)
a 3 a 6 6

17.24.16. —dx=—
X a 3? 5? 72

Jtan"(x/a)d _x_ (xa) + (xlay _ (xla)’ Foee

17.24.17.

x2 X a 2a

J-tan"'(x/a) 1 x 1 (x2+a2)
—— “dx=-—tan n
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17.24.18. jcot-‘ Xax=xcot" L+ Ini?+ad)
a a 2

1
17.24.19. J.xcot"fdxz—(x2+a2)cot’l L
a 2 a 2
X x3 X ax2 613
17.24.20. sz cot' Tar="cot? T +& _ L 2 +ad)
a 3 a 6 6
¢ (x/ tan~" (x/.
17.24.21. jco—(”)dxzflnx—jmdx (See 17.24.16.)
x 2 X
¢ (x/ ¢! (x/ 21 a8
172422, [, 0 “)+L1n(x d j
X x 2a x

X Lx T
xsec”' = —aln(x++/x* —a*) O<secl—<5
a a

X T X
xsec' = +aln(x+Vx*—a*) 5<secl—<7r
a a

axX aNx’—a’

172423, [sec” Xax=
a

X LX T
—sec 2 O<sec” —<—
a4 X a a
17.2424.  [xsec” Zdx =
a X x aJx’-a’ T X
et T4 ———— “<sec'T<rw
2 a 2 2 a

3 [2_ 2 3
%sec’lf—%—%ln(x+\/xz—az) 0<sec’1£<§
172425, [x"sec” Zdx = a a

2 3

3 2 3
X L4X axNxT—a a V4 X
?secl—+7+gln(x+\/x2—a2) E<sec]—<7r

a 6 a

17.24.26. ——dx=—Inx+
X 2 X 2'3'3 2040505 204.6.7.7

Jsec"(x/a)d T g+ (alx)’ N Le3(alx)’ N Le3e5(alx)’

sec” (x/a) x’-a
- +

X 7
O<sec' =< =
2

4 x ax a
sec” (x/a)
17.24.27. Jizdx = sec” (x/a) xX-a & X
X - - Z<sec' Z <
X ax 2 a

xese 'S 4an (x++/x*=a?) 0<csc™ £<§
17.24.28. [esc Zdx = a a

a X T X
xese' = —aln (x++/x* —a?) _E<CSC1_<0
a a

Lx  alxt=d’ X T
—csc _+T 0<csc _<E
X a a
17.2429. [xese” Zdx=
a 2 2
X L X aNx —a 1
—c ————— ——<csc — <0
a 2 a
X L x axx*-da TR X T
3—csc —+?+6—ln(x+\/x —-a’) 0<csc —<5
a a

172430, [x*cse” Xax=

a T X
—csc ——7—6—ln(x+ X —a —Z<ese ' =<0
a
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17.24.31.

17.24.32.

17.24.33.

17.24.34.

17.24.35.

17.24.36.

17.24.37.

17.24.38.

(25)

1e3(alx)’
+

Jcsc"' (xla) [g . (alx)’

X

X 20363  2e4e545

le3e5(alx)’
+ +...
204660747

-1 2 2
csc (x/a X" —a X T
» - (fa) _ O<csc' =<=
Jcsc (x/a)dx _ X ax a
———dx=
X csc'(x/a) Nx*—a? P X
— + ——<csec —<0
X ax a
X xm+1 X 1 xm+]
Jx'” sin” =dx = sin? = ——— _’-7 dx
a m+1 a m+1"7g%>—4*
m+1 m+1
X X 1 X
Jx'” cos™ Zdx = cos™' =+ j dx
a m+1 a m+1 a’—x?
m+1 m+1
X X a X
J.x'" tan™' =dx = tan™' = — J ——dx
a m+1 a m+l7 x +a
m+1 m+1
X X a X
J.x'" cot™” Zdx = cot” =+ J. ——dx
a m+1 a m+l7J x +a
x™sec™ (x/a) a J- x"dx 0 ax_T
- <secT —<—
w X m+1 m+1 7 Yx? 4% a 2
Jx sec” —dx=y
a x""sec” (x/a) a x"dx -
+ J‘ —<sec —<T
m+1 m+1 m a

x"sec™ (x/a)

x"dx

x"dx

a
e =
m+1 xz—az a

m X m+1

J.x cse” —dx=q
a x""escT (x/a)

m+1

Integrals Involving e~

el
m+1 \/xz—az

929

17.25.1.

17.25.2.

17.25.3.

17.25.4.

17.25.5.

17.25.6.

ax

J-e‘“dx =£

w, € 1
Ixe dx-a( aj

ax 2 2
J.xze‘“dx = (xz 2 —)
a

Q

n __ax
x"e n 0
J-x”e‘”dx = —— Jx” e dx
a a

n(n=0x"?  (=1)"n!

eax( . nxnfl
=—/x"— +
a a a
ax 2
_[e dx =Inx +-—= +(ax) +
X Lell 262! 343!

ax ax

J‘e dr— ¢ 4 a J‘ei1
x" (n—Dx" n—17x"

2
a

@

dx

j if n = positive integer
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17257, | dxax X nprge
p+qe™ p ap
17.25.8. J%z%—k%—%]n(p-ﬂ}e”)
(p+qe™)”  p° ap(p+qge™) ap
1 1( p axj
tan —e
a\lpq q
17.25.9. JL:

pe” +qge L [e“‘—\/—q/pJ

n
2a\/—pq e” +.—qlp

e“ (asinbx — bcosbx)

17.25.10. je“ sin bx dx =

a*+b’
17.25.11. je cos b dy = & (4C0s sz +2b sinbx)
a +b
ax . b —b b ax 2 _ 2 . _
172512, [xe® sinbrdy =20 CMPXZDCOSD) _ e{(@ ~b)sinbx - 2abcosb)
a +b (a+b%)

xe™ (acosbx +bsinbx) e“{(a* — b*)cosbx + 2absin bx}
a’ +b? (@ +b*)*

17.25.13. jxe“* cos bx dx =

17.25.14. Je‘”lnxdx -
a a X

e“ sin"' bx n(n—-1)b*

ax _:..n _ : _ ax = n-2
17.25.15. J.e sin” bxdx = RS (asinbx anObe)+a2+n2b2 J.e sin" “bx dx

™ cos"™ bx n(n—1)b*

17.25.16. Je’” cos” bxdx = 7 (acosbx +nbsinbx) + ST Je‘” cos" bx dx

a+n

(26) Integrals Involving In x

17.26.1. jlnxa’x =xlnx—x

2
17.262.  [xInxdx= x—(lnx - 1)
2 2

m+1
17.26.3. j X" Inxdx = (lnx - L) (If m =—1,see17.26.4.)

m+1 m+1
1
17264, [ 25 ge=Lipy
X 2
Inx Inx 1
17.265. [ ——dx=————
X X X

17.26.6. j In® xdx = xIn’x — 2xInx + 2x

In"xdx In""x

X n+1

17.26.7. j (Ifn=—1,see17.26.8.)

17.268. | ‘fx =In(Inx)
Xinx
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17.26.9.

17.26.10.

17.26.11.

17.26.12.

17.26.13.

17.26.14.

17.26.15.

(27)

d In’ In’
—len(lnx)+lnx+ 1 * nx
Inx 262! 363!

"d +1)*In’ +1)’ In’
& Y o n(Inx) + (m4 Diny + LD It x Gnt DI x
Inx 22! 3e3!

Jln"xdxlen"x—njln"‘lxdx
m+11 n
Jx"’ In" xdx = rmx jx'" In""xdx
m+1 m+1
If m=-1, see 17.26.7.
J.1n(x2+a2)dx=xln(x2+a2)—2x+2a tan™ X
a
2 2 2 2 X+a
Jln(x —a)dx=xIn(x"—a )—2x+aln[ J
Xx—a
m+lln Zi 2 2 m+2
Jxmln(xziaz)dx=x & a)_ J f ~dx
m+1 m+1Jx" ta

Integrals Involving sinh ax

101

17.27.1.

17.27.2.

17.27.3.

17.27.4.

17.27.5.

17.27.6.

17.27.7.

17.27.8.

17.27.9.

. coshax
J. sinhax dx =
a
. xcoshax sinhax
J xsinhaxdx = - 5

a a

3

a a a

2 2
J.xz sinhax dx = (x_ +— |coshax — —fsinhax

o h 3 5
[ g = pp @ (@)

X 3¢3! 565!
sinh ax sinh ax cosh ax
j —dx=— +aj Ix
X X X

1
_[ ‘a’x =—lntanh%
sinhax a

(See 17.28.4.)

. 2(_1)n (22n _ I)Bn (ax)2n+l o

I xdx 1 {ax_(ax) U

sinhax & 18 1800
_[ o ad sinhaxcoshax x
sinh“axdx=——— ——
2a 2
xsinh2ax  cosh2ax x°

Ix sinh? axdx = > —
da 8a 4

2n +1)!

}
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dx cothax

. 2 -
sinh™ ax a

17.27.10. J

sinh(a+ p)x B sinh(a— p)x
2(a+p) 2(a-p)

17.27.11. Jsinhax sinh pxdx =
Fora =*psee 17.27.8.

x" coshax

17.27.12. J.x'" sinhaxdx = —ﬁJ.x"H cosh ax dx (See 17.28.12.)
a

a

sinh"™ ax coshax

-1
17.27.13. jsinh"axdx= _n j sinh™2 ax dx
n

an
sinh ax —sinh ax a coshax
17.27.14. | = TR | — v (See 17.28.14)
17.27.15 J- de —coshax _ n—2 J- dx
T Jdinh"ax  a(m—1Dsinh"'ax  n—1 Y sinh"2ax
172716 _[ xdx —xcoshax 1 n—2 J~ xdx
D sinh” ax  a(n—1sinh""'ax a*(n—1)(n—2)sinh" >ax n—1 < sinh">ax

(28) Integrals Involving cosh ax

sinhax

17.28.1. jcosh axdx =
a

inh
17.28.2. J'x coshaxdx = ASAx COShz ax
a a

2

2xcosh S
17.28.3. sz coshaxdx = _ZXCOax | (X— +—3)sinh ax

a a a
2 4 6
17.28.4. jCOShax de=Inx+ (ax) + (ax) + (ax) +---
X 22!  4ed! 646!
cosh ax coshax sinhax
17.285. [——dr=- +a dx  (See17.274.)
X X X

17.286. | A2 e
coshax a

17.28.7. |

xdx 1 J(a)’  (ax)’ . 5(ax)° . (-D)"E, (ax)™"** L
coshax da* | 2 8 144 (2n +2)(2n)!

2 x sinhax coshax
17.288. Jcosh®axdy =24 I
2 2a
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x? xsinh2ax  cosh2ax

17.28.9. jxcos,h2 axdr =2+ _ .
4 4a 8a

_[ dx B tanh ax

17.28.10. cohlar - a

sinh(a— p)x N sinh(a+ p)x
2(a-p) 2(a+p)

17.28.11. Jcosh axcosh pxdx =

., x"sinhax mg¢ ., .
17.28.12. jx coshaxdx:———jx sinhaxdx  (See 17.27.12.)

a a

cosh”™ ax sinh ax

17.28.13. Jcosh" axdx = + - ! jcosh”'2 axdx
n

an
h —cosh sinh
1728.14. [ 5 ac= T [ (See 17.27.14)
x" (n—1Dx" n—1 8
h B
17.28.15. | dv __ shax  n-2 | .
cosh"ax a(n—1)cosh" " ax n—-1 < cosh" ax
d inh - d
17.28.16. J xdx xsin axi1 + 1 : _ +n 2 J X i
cosh"ax a(n—1)cosh" ax (n—-1)(n—2)a"cosh" “ax n-1 < cosh" " ax

(29) Integrals Involving sinh ax and cosh ax

212
17.29.1. j sinhax coshax dx = sinh_ax

2a

cosh(p+¢g)x N cosh(p—qg)x
2p+q) 2p-q)

17.29.2. _[ sinh px coshgx dx =

sinh4ax x

17.29.3. _[sinhz ax cosh? axdx =

32a 8
17.29.4. j* =1 Intanh ax
sinhaxcoshax a
17.29.5 J- dx B 2coth 2ax
e sinh”> axcosh® ax a
. 2 inh
17.29.6. jsmh W =S 1o sinhax
coshax a a
h? h 1
17207, [T g =20 4 pntanh 2
sinh ax a a
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(30) Integrals Involving tanh ax
17.30.1. jtanhaxdx — L ncoshax
a
tanh
17.30.2. J-tanhz axdx = x— anh ax
a
; 1 tanh® ax
17.30.3. j tanh® ax dx = —In cosh ax — ————
a 2a
3 5 7 _1 n-1 22n 22n _1 B 2n+1
17.30.4. jxtanhaxdxziz (@) (@) 2Ae)  CD727@7-DB @y |
2| 3 15 105 Qn+1)!
) x> xtanhax 1
17.30.5.  [xtanh® avdx == ———— + — Incoshax
2 a a
3 5 _1 n-1 22n 22n _1 B 2n—1
17306, [2IEX o - g (B0 2@ _ 2@ oDB a0 |
X 9 75 2n-1)2n)!
17.307. | - __PX 4 yogsinhax+ peoshax)
S i ganhax P —g? ap-q) 0 P
. —tanh"" ax v
17.30.8. j tanh” ax dy=——— " 4 j tanh" " ax dx
ala—1)
(31) Integrals Involving coth ax
17.31.1. jcothaxdx — L nsinhax
a
17312 [coth® axdx =x - cothax
a
2
17313, [coth® axdx L nsinhax — SO
a 2a
3 5 _ n—1~2n 2n+1
17.31.4. jxcothaxdx =i2 ax+(ax) _(ax) +~--( D" 27 B, (ax) +-
a 9 225 2n+1)!
2
17.31.5. chothz axdx = x" _ xcothax +i2 Insinh ax
2 a a
3 1\ 2n 2n-1
17316, [y Lo @) CUE Bl |
X ax 3 135 2n-1)(2n)!
17317, | D _ P 4 iy(psinhar+gcoshav)
p+gcothax p —q a(p”—q)
. coth"" ax o
17.31.8. jcoth axdx=—7+'[coth ax dx

a(n—1)
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(32) Integrals Involving sech ax

105

17.32.1. J. sechaxdx = 2 tan™' ™

a
) tanh ax
17.322.  [sech’ axdx =
a
; sechaxtanhax 1 | |
17.32.3. j sech’ axdx =——— +—tan~ sinhax

2a 2a

2 4 6 1\ 2n+2
17.32.4. J.xsechaxdxzi{(ax) _(ax) +5(ax) +...( D' E, (ax) +}

a2 8 144 (2n+2)2n)!

xtanhax 1

17.325.  [xsech®axdx =————— Incoshax
a a
2 4 6 _ 1\ 2n
17326, [ SR gy (S @) Oy | CUP (@)
x 4 96 4320 2n(2n)!

sech”? ax tanhax
a(n—1)

17.32.7. jsech” axdx = + 1= 2 jsech""zax dx
n—1

(33) Integrals Involving csch ax

1
17.33.1. j cschax dx =—Intanh %

a
2 cothax
17.332.  [esch’ axdx=-
a
h th 1
17.33.3. jcsch3 axdy =— S CONAX L anh X
2a 2a 2

18 1800 2n+1)!

1
17.33.4. jxcsch axdx = —z{ax
a

(@)’ @)’ 2D DB, (ax)™ +}

th 1
17.33.5. jxcschz axdx=—1m — Insinhax
a a

h 3 _1 n2 22n71_1 B 2n-1
jcsc ax | 1 ax 7(ax) +...( )" 2 )B, (ax) e

X=————

X ax 6 1080 2n—-1)(2n)!

17.33.6.

—csch"?ax cothax n-2
an—1) n—1

17.33.7. J-csch" axdx = _[csch"‘2 ax dx
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(34) Integrals Involving Inverse Hyperbolic Functions

17.34.1. Jsinh’l X dx = xsinh™ 2 Jx? + 42

a a

17.34.2. [xsinh” Xx =
a

x> ad). . x VX' +a®
sinh” — —x——

_+_
2 4 a 4

x  (x/a)® 1e3(x/a)’ 1e3e5(x/a)’
—= + - Ixl<a
a 26363 Dede5e5 2edeOeTe7]
: -1 2 2 1. 4 1. R 6
17.34.3. Jsmh (x/a) dr = In"(2x/a) (alx) N 3(alx) B 3e5(alx) s a
X 2 26262 2ededed 264666606
In®(=2x/a) (a/x)* le3(alx)* 1e3e5(alx)°
- + - + — x<-a
2 2¢2¢2  2e4eded 264464646

17.344. [cosh™ Xax=
a

xcosh™ (x/a)— x> —a*, cosh™ (x/a) > 0
xcosh™ (x/a)++/x*—a’*, cosh™ (x/a) <0

—(2x* —a*)cosh™ (x/a) - ix\/xz —a*, cosh™ (x/a)>0

it N

17.34.5. _[xcosh’l Xx=
a

1
Z(sz —a*)cosh™ (x/a) + Zx\/ x> —a*, cosh™(x/a) <0

17.34.6.

20202 2ededed  2e4e60606

+ifcosh™ (x/a) >0, —if cosh™ (x/a) < 0

! * 1e3(alx)*  1e3e5(alx)’
J-cosh (xla) J_{ L i a4 G0, 1e3(al)” | 103+S(alx)
X

17.34.7. J.tanh’l Xdx=xtanh X 4 gln(az —xY)
a a

17.348. [xtanh™ R s
a 2 2 a

-1 3 5
tanh™ (x/a) dr _x N (x/czz) (x/zz)
X a 3 5

17.349. |

17.34.10.  [coth™ Xdx=xcoth x+ % In(x* —a?)
a

1
173411, [xcoth™ T =20 —(x* —a?)coth'
a 2 2 a

-1 3 5
17.34.12. jde =_[ a laxy +@+...j

X X 3? 5

17.34.13. jsech-‘ Xax=

{xsech_] (x/a)+asin™ (x/a), sech™ (x/a)>0
a

xsech™ (x/a)—asin™' (x/a), sech™ (x/a) <0

17.34.14. jcsch-1 Xax=xcsch L 4asinh? Y (+ifx>0,—ifx <0)
a a a
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m+1

m+l1
173415 [x"sinh™ = dy = ~—sinh™ = ! [~
a m+1 a m+1 7 Jx? 142
xm+1 X 1 me
cosh™ =— J dx  cosh™(x/a)>0
173416 [x" cosh™ Zd mtl e mt ] I
34.16. |x"cosh™ —dx=
a m+l1 X 1 me
cosh™ =+ dx  cosh™(x/a)<0
m+ a m+1 -[,/xz_az (x/a)
m+1 m+l
17.3417.  [x" tanh™ Zdx= anh ! X [
a m+ a m+l a —x
m+1 1 m+1
173418, [x"coth” Zdv="—-coth' = - —— [ v
a m+ a m+l a —x
m+l m
Y ech' Xy 2 X dx sech™ (x/a)>0
17.3419.  [x" R W L N
34.19.  |x"sech™ Zdx=
a xm+1 » X 1 xmdx

sech™ (x/a) <0

17.34.20. jx'" csch™ L ax =

(+ifx >0, —if x <0)
a m+1 a m+l x“+a



1 8 DEFINITE INTEGRALS

Definition of a Definite Integral

Let f(x) be defined in an interval a = x = b. Divide the interval into n equal parts of length Ax = (b — a)/n.
Then the definite integral of f(x) between x = a and x = b is defined as

18.1. Ibf(x)dx =lim{f(a)Ax+ f(a+ Ax)Ax+ f(a+2Ax) Ax +---+ f(a+ (n—1) Ax) Ax}
The limit will certainly exist if f(x) is piecewise continuous.

d
If f(x)= Eg (%), then by the fundamental theorem of the integral calculus the above definite integral can

be evaluated by using the result

b b d b
182 ] fdx=] —g(odv=g(0)] =gb)-g@

If the interval is infinite or if f(x) has a singularity at some point in the interval, the definite integral is
called an improper integral and can be defined by using appropriate limiting procedures. For example,

183. [ f(dr= },EEJ: F(x)dx
184. [ f(x)dx= lim jb Fx)dx
b—eo

185 [ f(dx=1im | " f(x)dx if b is a singular point.

18.6. jbf(x)dx = lin(}jh+ f(x)dx if a is a singular point.

General Formulas Involving Definite Integrals

187. L” (f(x) % g(x) £h(x) %+ dx = jﬂ” Fodxt jﬂ" g(x)dx + j" h(x)dx +---
18.8. j:’ f(x)dx =c¢ jb F(x)dx where ¢ is any constant.
18.9. j f(x)dx=0

18.10. Lb feyde==]" fx)dx

1811, [ fode=[ fede+[ feodx

108
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18.12. be(x)dx =(b—-a)f(c) wherecisbetween aand b.

This is called the mean value theorem for definite integrals and is valid if f(x) is continuous in
a=x=b.

18.13. [ f(ng)dr= ()] gx)dx wherec s between aand b

This is a generalization of 18.12 and is valid if f(x) and g(x) are continuous ina = x = b and g(x) = 0.

Leibnitz’s Rules for Differentiation of Integrals

d 6@ (@ JF do, dg,
18.14. ijm Floayde=[" 1o dvt Fg,, 00— 2= F (6,00

Approximate Formulas for Definite Integrals

In the following the interval from x = a to x = b is subdivided into n equal parts by the points
a =Xy, X, X, ..., X _,, X =band we let Yo =f(x0), v, =fx), vy, =fx), ...y, =f(x), h=(b—-a)n.

Rectangular formula:
b
18.15. [ f(0dx=h(yy+ 3+ Y, ++,0)

Trapezoidal formula:

b h
18.16. [ f(x)dx~ SO0 T 23+ 2y, 4k 2y, )

Simpson’s formula (or parabolic formula) for n even:

b h
18.17. L f(x)dx = 5()’0 +4y +2y, +4y oot 2y, , +4y,, +y,)

Definite Integrals Involving Rational or Irrational Expressions

~ dx b4
1818, | . =5
w P!
18.19. j" BT gcp<l
0 I+x sinprm
m m+l-n
1820. | Ydx 7 . O<m+l<n
0 x"+a" nsin[(m+1)r/n]
1821 J-w x"dx _m sinmp
T Jo142xcosp+x? sinmm sinB
a dx V3
1822, | —3

a na®
18.23. jo a—x'd ==
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a" """ T [(m+ DT (p+1)
nC[(m+D/in+ p+1]
x"dx (=)' wa"" " T [(m + 1/n]
x"+a") o sin[(m+ Dr/n)(r—D!'T[(m+1) In—r+1]

18.24. jo”x’"(a" X" dx =

18.25. j:

Definite Integrals Involving Trigonometric Functions

DEFINITE INTEGRALS

O<m+1l<nr

All letters are considered positive unless otherwise indicated.

0 m,n integersand m # n

18.26. [ "sinmuxsinnx dx =
JO SIMASIAY dx {7[/2 m,n integers and m = n

p 0 m,nintegers and m #n
18.27. J COS mx cos nx dx = .
0 /2 m,nintegers and m=n
x 0 m, n integers and m + n even
18.28. [ "sinmxcosnx dx = L, ,
0 2m/ (m” —n”) m,nintegers and m+ n odd
1829. [ “sinxdx=[" cos® xdx="
0 0
n n 1e3e5---2m—1
18.30. j ® in?" x dxzj ® cos?™x dx= " ”, m=1, 2,
0 2¢4¢6---2m 2
m m 2e4e6--:2
1831 [Vsin" xdr= " cos™ xdv = ” =1, 2,
0 1e3e¢5---2m+1
r I'(p)T
1832, [sin? xcos* " xdr = LinTg)
0 2I'(p+q)
) w2 p>0
1833, [ ac=1 0 p=0
X
-n/2 p<0
sin px cos gx 0 p>g>0
1834. [ SAPYERE ix=)nl2 0<p<q
X
nl4d p=g>0
18.35 J-wsinpxsinqx _ wpl2 0<p=q
o x> “\mgl2 pz=g>0
.2
1836. [ Lax="L
0 X 2
18.37. j“ﬂdxzﬂ
0 X 2
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18.38. J:wdx:]ni
X p
18.39. J~ CoS px — cosqxd _7r(q2 p)
1840. [ T dv= e
o x?+a’ 2a
1841 [ S0 XSINMY T o
0 x* 44’
sinmx o
1842, [ —— o +a) dx = (1— )
2
18.43.
JO a+bsmx Ja* = b?
2
18.44.
'[0 a+bcosx \/aZ_bz
18.45 dx _ cos ' (bla)
o atbeosx  Jii—p?
18.46 J 2 dx _ 2na
o (a+bsmx) 0 (a+bcosx) (a*-b>)"
2r
47. , O<ax<l
18.47 J 1—2acosx+d® 1-a
1848 f xsinxdx _ |(@la)n(l+a), |d| <1
T Jo1-2acosx+a’ win(1+1/a), ‘a‘>l
cosmx dx ma” )
1849. [ -, &<l m=0,1,2,...
0 1-2acosx+a> l-a
% 1
18.50. J sinaxzdxz-[ cosax®dx =~ |-
0 0 2\ 2a

- 1
1851, [ sinax" dv=— r(l/n)smzl n>1
na

18.52. Jx cosax" dx =—-T(1/n) coszl n>1
na

18.53. j“’sjﬂdx:j”"o” =X

o Jx o Jx 2
18.54 j“sm v = ” 0<p<l
St T T T o ysin(parzy Y
1855. [ Fan= i 0<p<l
B M (pycos(prizy 7

1 2 2
18.56. J sinax? cos 2bx dx = — T cosb— — sinb—
2\ 2a a a



112

18.57.

18.58.

18.59.

18.60.

18.61.

18.62.

18.63.

18.64.

18.65.

18.66.

18.67.

Definite Integrals Involving Exponential Functions

o 1 /
J cosax? cos2bx dx = — T
0 2\ 2a
- sin’ 3
J 51n3xdx=_7r

0 x 8

. 4

J- s1n4xdx=£

(U’ 3

e
J- anxdng

0 x
jﬂ/Z dx _E

0 ]1+tan"x 4

T2 x 1 1 1 1
dx=2——-—+—-—
JO sin x {12 3252 7

1tan™ 1 1 1 1
J-anxd

cOosS— +sin—

Ty BT TytE

de="1n2

J-l sin”™" x

0 x

J-ll—cosxdx_J-lxcosxdx:y

0 X X

r( ! —cosx]ﬂ—
o \1+x? X ¥

Jw tan”' px —tan~' gx

0 X

dx=2m?2
2

q

b2

a

++

2

n

a

DEFINITE INTEGRALS

Some integrals contain Euler’s constant y= 0.5772156 . . . (see 1.3, page 3).

18.68.

18.69.

18.70.

18.71.

18.72.

18.73.

* —ax a
_[ e “cosbxdx=—5——
0 a +b
J e “sinbxdx =———
0 a +b
« e " sinbx b
j ———dx=tan'—
0 X a

—ax bx
e ™ —e b
_[ dx=In—
0 X a
—ax? 1 |z
i
0 2\ a

2 1 T _;2
J e cosbxdx=— /—e bita
0 2\ a
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o 2 . 1 [m b
18.74. —(ax”+bx+c) dx — _\/: (b 74ac)/4aerfc
Jie 2\a® 2Ja

2 e o2
where erfc (p) = — - g
D=l
18.75. J.w o (@ Hbreo) dx:\/iewz—ztac)ma
- a
< ‘ I'h+1
18.76. [ x"e " dr= (n+1)
0 a
= m—ar? [[(m+1)/2]
1877 [ ame ™ de=——rn=

.
1878, [T dv=— [7 o
0 2Va

~ xd.
18.79. j xdx 1 1 1 1

AT A

T
6

n-1

18.80. [ ef -

dx=F(n)(l+i+i+---j
1 ro2r 3

For even n this can be summed in terms of Bernoulli numbers (See pages 142—-143).

w xdx 1 1 1 1 P
18.81. jo T
n—1
18.82. J. - dx:r(n) i_i+i_“_
0 €A+1 1" on 3n

For some positive integer values of n the series can be summed (See 23.10).

18.83. [ S dx= Loom™ -1
0 ™™ —1 4 2 2m
(1 )dx

1884, | (m—e )7—7/

18.85. J.:%dx =1y

wf 1 e
18.86. Jo(e*—f xjdx:y

—ax —bx 2 2
18.87. | idleln(b ”’)

0 xsecpx 2 \a*+p°

e ™ ™ ab L a
1888. | ———dr=tan" Z—tan" <

0 xcscpx p p

18.89. ["EU=8D b ot a—Ein(a+1)

0 xz
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Definite Integrals Involving Logarithmic Functions

DEFINITE INTEGRALS

18.90.

(=1)"n!

i)™ m>-1, n=0,1, 2,...
m

J.le”’ (Inx)" dx =

Ifn#0,1,2,...replace n! by I'(n + 1).

18.91.

18.92.

18.93.

18.94.

18.95.

18.96.

18.97.

18.98.

18.99.

18.100.

18.101.

18.102.

18.103.

18.104.

18.105.

18.106.

18.107.

1Inx _
01+ x 12

1 Inx __7r_2
ol—-x 6

In(1+ 2
.[1 n X)dx=n-—
0 X 12

In(1- 2
J.l n X)dxz—”—
0 X 6

2

[nxln@+xdi=2-2m2-"
0 12

2

1 T
j InxIn(—x)dx=2——
0 6

wxP1]

J.x nxdx=—7rzcscp7rcotp7r 0<p<l
o 1+x

x" —x" +1

Ix .

0 Inx n+1

j:e’X Inxdx=-y

j:e lnxdxz—g(waZan)
X 2

J In| *l dx:n—

0 e -1 4

72 . 2 T
J‘ lnsmxdx:J. Incosxdx=——1In2
0 0 2

3
72 . 2 . (™ 2 4 E , T
J.O (Insinx)” dx = J.O (Incosx) dx = > (In2)" + o

2
| xInsinxdr =—2—In2
0 2

/2
JO sinxInsinxdx=1In2-1

j:”ln(a+bsinx)dx=J':”1n(a+bcosx)dx —2nin(a+a* —b?)

2

j:1n(a+bcosx)dx= 7ln
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2rlna, a=b>0

n 2 2 —
18108. [ In(a’ ~2abcosx+b )dx_{annb, b=a>0

/4 T
18.109. jo In(1+tanv)dx =12

P 1 1
18.110. I " secxln(w)dx =—{(cos a)* — (cos™' b)*}
0 l+acosx 2

18.111. j:1n(2sin§jdx = —(S‘E" + s“;f“ + 5“3‘23" + j

See also 18.102.

Definite Integrals Involving Hyperbolic Functions

18112, [T = Tanh 2T
0 sinh bx 2b 2b
18.113. [ 0 =T sech ST
0 coshbx 2b 2b
w xd 2
18114, [ =T
0 sinhax 4a
- nd 2)1+1 _1 1 1 1
18115 [ = =—Hl"(n+1){7+7+7+...}
0 sinhax 2"a" 1" 2" 3"
If n is an odd positive integer, the series can be summed.
- ginh 1
18.116. J Sl? ax dx = lcscﬂ -
0 ™ +1 2b b 2a
= sinh 1
8117, [ S a= T eot™t
0 ™ —1 2a 2b b

Miscellaneous Definite Integrals

- - f(b

18.118. | S =SB 4 (F0) - f(eo)}In 2
0 X a

- . e . = f(x) = f(eo)
This is called Frullani’s integral. It holds if f’(x) is continuous and J.O ———————dx converges.
X

tdx 11 1

18.119. jo et

T(m) T(n)

18.120. j (a+x)""(a—x)"dc=Qa)""" -



Section V: Differential Equations and Vector Analysis

1 BASIC DIFFERENTIAL EQUATIONS

and SOLUTIONS

DIFFERENTIAL EQUATION SOLUTION
19.1. Separation of variables
| A ey (82D 4
[ 8,() dx +f,(x) g,(y) dy =0 fz(x) g (y)

19.2. Linear first order equation

d
—dy + p(x)y = 0(x)
X

yejpdx = J.erpdx dx+c

19.3. Bernoulli’s equation

d
2t P)y=0(0)'
dx

e(l—n)_[mx

=(1-

(1o [ dx+c

n)JQe

where v=y'™. If n = 1, the solution is

1ny=J.(Q—P)dx+c

19.4. Exact equation

M(x, y)dx + N(x, y)dy =0

where dM/dy = dN/ox.

[m ax+j(N—a%jM ax]dyzc

where dx indicates that the integration is to be
performed with respect to x keeping y constant.

19.5 Homogeneous equation

where v =y/x. If F(v) =

0, the solution is y = cx.

116
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19.6.

y F(xy) dx +x G(xy) dy=0

j G(v)dv
v{G(v)-F(v)}

where v = xy. If G(v) = F(v), the solution is xy = c.

19.7. Linear, homogeneous second order

equation
d’y dy
) aD ypy=0
a

a, b are real constants.

Letm , m, be the roots of m*+ am + b = 0. Then there
are 3 cases.
Case 1. m,, m, real and distinct:

y=ce"" +c,e™”
Case 2. m,, m,real and equal:

mx

_ mx
y=ce" +cyxe

Case3. m =p+gqi, m,=p-—qi

y=e"(c, cosgx+c, singx)

where p =—-a/2, g=+b—a’/4.

19.8. Linear, nonhomogeneous second
order equation

dy dy
—+a—+by=R
dx? ad v =R(x)

a, b are real constants.

There are 3 cases corresponding to those of entry 19.7
above.

Case 1.

myx

_ mx
y=ce" +c,e

mx

+ ¢ Je'm"‘R(x)dx
m;—m,
+ ¢ je’"’”R(x) dx
m, —m,

Case 2.
y=ce" +c,xe™
+ xe™* J e ™ R(x)dx
—e™* I xe " R(x)dx
Case 3.

y=e"(c, cosgx +c, singx)

px s
L& max I e ™ R(x)cosgxdx

px
_¢ cosgx J e " R(x)singx dx
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19.9. Euler or Cauchy equation

2
x2%+ax%+by25(x)

Putting x = ¢, the equation becomes

d’y dy
—+(a—-1)—+by=S(

i (a=1 i T (e)

and can then be solved as in entries 19.7 and 19.8
above.

19.10. Bessel’s equation

2
x2%+x%+(12x2—n2)y=0

y=cJ,(Ax)+c,Y,(Ax)

See 27.1 to 27.15.

19.11. Transformed Bessel’s equation

d’y dy ,
xzw+(2p+l)xa+(a2x2 +B)y=0

y=x7" {cqu,, (gx’) +¢, Y, (gx’)}
r r

where ¢=+p> - B>

19.12. Legendre’s equation

(l_xz)d_zy

0 —2x?+n(n+l)y=0
X X

y=¢F,(x)+¢, 0,(x)

See 28.1 to 28.48.




2 0 FORMULAS from VECTOR ANALYSIS

Vectors and Scalars

Various quantities in physics such as temperature, volume, and speed can be specified by a real number. Such
quantities are called scalars.

Other quantities such as force, velocity, and momentum require for their specification a direction as well
as magnitude. Such quantities are called vectors. A vector is represented by an arrow or directed line
segment indicating direction. The magnitude of the vector is determined by the length of the arrow,
using an appropriate unit.

Notation for Vectors

A vector is denoted by a bold faced letter such as A (Fig. 20-1). The magnitude is denoted by IAl or A. The
tail end of the arrow is called the initial point, while the head is called the terminal point.

Fundamental Definitions

1. Equality of vectors. Two vectors are equal if they have the same
magnitude and direction. Thus, A = B in (Fig. 20-1).

2. Multiplication of a vector by a scalar. If m is any real number A
(scalar), then mA is a vector whose magnitude is Iml times the

. . .. . B
magnitude of A and whose direction is the same as or opposite
to A according as m > 0 or m < 0. If m =0, then mA = 0 is called
the zero or null vector. Fig. 20-1

3. Sums of vectors. The sum or resultant of A and B is a vector C = A + B formed by placing the
initial point B on the terminal point A and joining the initial point of A to the terminal point of B as
in Fig. 20-2b. This definition is equivalent to the parallelogram law for vector addition as indicated in
Fig. 20-2c. The vector A — B is defined as A + (—B).

\ /\
/ C-A+B

() (%)
Fig. 20-2

Extension to sums of more than two vectors are immediate. Thus, Fig. 20-3 shows how to obtain the sum E
of the vectors A, B, C, and D.
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B
D
>
\
(@)
Fig. 20-3
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E= A+B+C+D

(b)

4. Unit vectors. A unit vector is a vector with unit magnitude. If A is a vector, then a unit vector in the

direction of A is a = A/A where A > 0.

Laws of Vector Algebra

If A, B, C are vectors and m, n are scalars, then:

20.1. A+B=B+A Commutative law for addition

202. A+ B+O)=A+B)+C Associative law for addition

20.3. m(nA) = (mn)A = n(mA) Associative law for scalar multiplication
20.4. (m+n)A=mA+nA Distributive law

20.5. m(A +B)=mA +mB Distributive law

Components of a Vector

A vector A can be represented with initial point at the
origin of a rectangular coordinate system. If i, j, k are unit
vectors in the directions of the positive x, y, z axes, then

20.6. A=Ai+Aj+AKk

where A i, A j, A Kk are called component vectors of A in
the i, j, k directions and A, A,, A, are called the components
of A.

Dot or Scalar Product

Fig. 20-4

20.7. A B=ABcos 0 0=60=r

where 6 is the angle between A and B.
Fundamental results follow:
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208. A-B=B-A Commutative law
209. A-B+C)=AB+A-C Distributive law
20.10. A+-B =AB +AB,+AB,

where A :Ali +A2j +A3k, B :Bli +sz +B3k.

Cross or Vector Product

121

20.11. AXxB=ABsinOu 0=06=nx

where 01is the angle between A and B and u is a unit vector
perpendicular to the plane of A and B such that A, B, u form
a right-handed system (i.e., a right-threaded screw rotated
through an angle less than 180° from A to B will advance
in the direction of u as in Fig. 20-5).

Fundamental results follow:

i J kK
20.12. AxB=| A A, A
Bl BZ B3
=(A,B;— A;B,))i+(A;B, — AB,)j+(AB, - A,B)k
20.13. AXxB=-(BxA)

20.14. AXB+C)=AxB+AxC

20.15. |A x B| = area of parallelogram having sides A and B

Miscellaneous Formulas Involving Dot and Cross Products

Fig. 20-5

A A A

20.16. A«(BxC)=| B, B, B, |=AB,C,+A,B,C,+ABC,—AB,C,—ABC,—AB_C,

¢ C, G

20.17. |A « (B x C)| = volume of parallelepiped with sides A, B, C

20.18. AX(BxC)=B(A+C)-C(A +B)

20.19. (AXxB)xC=B(A+C)—AB-+C)

20.20. (AXB)+(CxD)=(A+C)B+D)-(A+*D)B-C)

2021. (AxB)X(CxD)=C{A+BxD)}-D{A«BxC)}
=B{A+(CxD)} —A{B+(CxD)}
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Derivatives of Vectors

The derivative of a vector function A(u) = A (w)i + A, (u)j + A,(w)k of the scalar variable u is given by

20.22. ﬂ: 1imwzﬂi+%j+%k
du Au—0 Au dl/l du du

Partial derivatives of a vector function A(x, y, z) are similarly defined. We assume that all derivatives exist
unless otherwise specified.

Formulas Involving Derivatives

20.23. i(Aol;)ondI;'Fdlel;
du du du
d dB dA
24. —(AxXB)=Ax—+—xB
20.24 du( ) du du
A
20.25. i{A.(BxC)}:‘i -(BXC)+A.(deC)+A.(Bx£)
du du du du
20.26. A.dAzA%
du du
A
20.27. A-le =0 if|A] is aconstant
u

The Del Operator

The operator del is defined by

d d d
Vai—+j—+k—
20.28. l&x 'lay oz

In the following results we assume that U = U(x, y, z), V= V(x, v, 2), A = A(x, y, z) and B = B(x, y, z) have
partial derivatives.

The Gradient

_ A, 0A, | 0A,

T 9x  dy oz
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The Curl

20.31. Curlof A=curl A=V XA

.d .0 0 . .
(l$+Ja—y+ka—Z]X(All+A2.]+A3k)

0A, 0A,). (aA] aAg), A, 04,
(8)} 8z}+ dz  OJx T ox dy

The Laplacian

: 0’U  0°U U
20.32. Laplacian of U=V?U=V«(VU)= 0 + 5 + .

°A A A
F—+
ox> 9y’ 97

20.33. Laplacian of A=V’A=

The Biharmonic Operator

20.34. Biharmonic operator on U = V*U = V*(V*U)

_84U+84U+84U+2 2'U s o'U > ‘U
ox*  9y' o7 ox*9y*  9y*9z°  ox* 97’

Miscellaneous Formulas Involving V

20.35. V(U+V)=VU+VV

20.36. V.(A+B)=V.A+V.B

20.37. Vx(A+B)=VxA+VxB

20.38. V«(UA)=(VU)+A+U(V+A)

20.39. VX(UA)=(VU)XxA+U(VxA)

20.40. V.(AxB)=B«.(VxXA)—A.(VxB)

20.41. Vx(AxB)=B+V)A-B(V.:A)-(AV)B+A(V.B)
20.42. V(A+B)=(B+V)A+(A«V)B+Bx(VxA)+Ax(VxB)
20.43. Vx((VU)=0, thatis, the curl of the gradient of U is zero.
20.44. V.«(VxA)=0, thatis, the divergence of the curl of A is zero.

2045. Vx(VxA)=V(V.A)-V’A
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Integrals Involving Vectors

d
If Adu)= T B(u). then the indefinite integral of A(u) is as follows:

20.46. J-A(u) du=B(u)+c, ¢ = constant vector

The definite integral of A(u) from u = a to u = b in this case is given by

2047, ["A@w)du=B(b)~B(a)

The definite integral can be defined as in 18.1.

Line Integrals

Consider a space curve C joining two points P (a,, a,, a,) and z
Pz(.bl, b,, b)) as in Fig. 20-6. Divide the curve into n parts by P
points of subdivision K Y 2o es (XY, 52, )- Then the
line integral of a vector A(x, y, z) along C is defined as <
P, NG )
P, N
20.48. LA.drzL A.dr:}lgng(xp,yp,Zp).Arp y
1 p=1
X
Fig. 206

where Ar, = Axpi+Aypj+4;pk, Ax,=x,, =%, Ay, =Y, =Y,
Az, =z,,, — 2, and where it is assumed that as n — oo the largest
of the magnitudes |Arp| approaches zero. The result 20.48 is a
generalization of the ordinary definite integral (see 18.1).

The line integral 20.48 can also be written as

20.49. J-CA odr = J.C(Al dx+ A, dy+ A, dz)

using A=Aji+A,j+AKk and dr = dxi + dyj + dzk.

Properties of Line Integrals

20.50. ”A.drz—j"‘A.dr
P P,
20.51. j:ZA.drzij.defA.dr

Independence of the Path

In general, a line integral has a value that depends on the particular path C joining points P, and P, in a region
R. However, in the case of A = V¢ or V x A =0 where ¢ and its partial derivatives are continuous in R, the
line integral ch A«dr is independent of the path. In such a case,

2052 [ Aedr=]"Acdr=9(P)-9(R)

where ¢(P)) and ¢(P,) denote the values of ¢ at P, and P,, respectively. In particular if C is a closed curve,
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20.53. LA.dr=gSCA.dr=o

where the circle on the integral sign is used to emphasize that C is closed.

Multiple Integrals

Let F(x, y) be a function defined in a region R of the Y
xy plane as in Fig. 20-7. Subdivide the region into n di- - — —— —
parts by lines parallel to the x and y axes as indicated.
Let AA =Ax, Ay, denote an area of one of these parts.
Then the 1ntegral of F (x, y) over R is defined as

Yp+1|-—

Yp b~

2054. | L FeoydA=1limY F(x,.y,)A4,
n—yoc0 p:l

provided this limit exists. [ |
In such a case, the integral can also be written as ) %y Zpii 11,

b S0
20.55. Lza Lzﬁ o F(x,y)dydx Fig. 20-7

= J. ia {J.ﬁ(;:x) F(x,y) dy} dx

where y = f,(x) and y = f,(x) are the equations of curves PHQ and PGQ, respectively, and a and b are the x
coordinates of points P and Q. The result can also be written as

20.56. j} jg;z F(x,y)dxdy = j {jg v F(x, )’)dx}

where x = g,(y), x = g,(y) are the equations of curves HPG and HQG, respectively, and ¢ and d are the y
coordinates of H and G.

These are called double integrals or area integrals. The ideas can be similarly extended to triple or volume
integrals or to higher multiple integrals.

Surface Integrals

Subdivide the surface S (see Fig. 20-8) into n elements of area z
AS,,p=L2,....n, Let A(xp,yp,zp) = Ap where (x,,,,2,)
is a point P in ASP. Let N be a unit normal to ASP at P. Then
the surface integral of the normal component of A over S is
defined as

20.57. jA.NdS_hmZA N,AS,

n—eo
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Relation Between Surface and Double Integrals

If QR is the projection of S on the xy plane, then (see Fig. 20-8)

dxdy
|INek

20.58. jSA.NdS =LJJA.N

The Divergence Theorem

Let S be a closed surface bounding a region of volume V; and suppose N is the positive (outward drawn)
normal and dS = N dS. Then (see Fig. 20-9)

20.59. jvv.Adv= jSA.ds

The result is also called Gauss’ theorem or Green’s theorem.

Fe. 209 Fig. 20-10

Stokes’ Theorem

Let S be an open two-sided surface bounded by a closed non-intersecting curve C(simple closed curve) as
in Fig. 20-10. Then

20.60. CﬁcA.dr: L(VxA) . dS

where the circle on the integral is used to emphasize that C is closed.

Green’s Theorem in the Plane

20.61. gSC(de+Qdy) - jR(g—g—g—i)dxdy

where R is the area bounded by the closed curve C. This result is a special case of the divergence theorem
or Stokes’ theorem.
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Green’s First Identity

127

2062. [ (@Vy +(V9)«(Vy)ldV = [(9Vy)« dS

where ¢ and y are scalar functions.

Green’s Second Identity

20.63. [ @Vy-yV9)dv=] @Vy-yVp).dS

Miscellaneous Integral Theorems

20.64. ijxAdV - LdeA

20.65. J'C(pdr = IS dSx V¢

Curvilinear Coordinates

A point P in space (see Fig. 20-11) can be located by
rectangular coordinates (x, y, z,) or curvilinear coordinates
(u,, u,, u,) where the transformation equations from one
set of coordinates to the other are given by

20.66- X = x(”p u23 u3)
¥ =y, y, )

z2=2z(u,, uy, Uy)

If u, and u, are constant, then as u, varies, the position
vector r = xi + yj + zk of P describes a curve called
the u, coordinate curve. Similarly, we define the u, and
u, coordinate curves through P. The vectors or/du,,

r/du,, Or/ou; represent tangent vectors to the U, U,
u, coordinate curves. Letting e , €,, €, be unit tangent
vectors to these curves, we have

or or or
20.67. —=he,, —=he, —=he
du, hk ou, a2 ou, .
where
or or or
2 L00. h ==, h =, h =|—
0.68. & ‘au, > |ou, > | ouy

uz curve

(ul curve .

Fig. 20-11

are called scale factors. 1f e, e,, e, are mutually perpendicular, the curvilinear coordinate system is called

orthogonal.
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Formulas Involving Orthogonal Curvilinear Coordinates
20.69. dr= %d + aaur du, + %d% = hyduje, + h,du, e, + hdu, e,
1 2 3

20.70.  ds® = dredr = h? du? + h2 du? + h? du?

where ds is the element of length.
If dV is the element of volume, then

20.71. dV =|(hedu,)e(h,e,du,)x (he,du,)|=hh,h, du,du,du,

_ or 8r or a(x,y,z)
- a”l au2 a s du, du, du, = ‘a(iul,uz, ) du, du, du,
where
o0x/du, dx/ou, Jx/du,
sz 22D L auau avu, Ay,
ou,, Uy, uy)

0z/0u, 0z/du, Jz/du,

sometimes written J(x, y, z; u,, u,, u,), is called the Jacobian of the transformation.

Transformation of Multiple Integrals

Result 20.72 can be used to transform multiple integrals from rectangular to curvilinear coordinates. For
example, we have

a(x,y,2)

————\du, du, d
o(u,, Uy, ) h 3 03

2073, | j [Fxy.2dxdydz = | j G,y )

where R is the region into which R is mapped by the transformation and G(u,, u,, u,) is the value of F(x, y, 7)

corresponding to the transformation.

17 2’

Gradient, Divergence, Curl, and Laplacian

In the following, @ is a scalar function and A = A e, + A,e, + A.e, is a vector function of orthogonal

curvilinear coordinates U, Uy, U,

r0s . D — orad b — Ve e, 8<I>+e 8<I)+e 0D
0.74. Gradient o gra h du, h,du, " h, 8143

. 0 0
20.75. DivergenceofA=dlvA=VoA= |: (hhA)+ (hhA)+ (hhA):|
U

hyhyhy | Ou

he, he, he,
Lo o0 9
hh,hy| Ou,  Ou,  du,
A, hA, WA,

20.76. Curlof A=curl A=VxA=

1
_h2h3 Lﬂ (hA;) - (hA )}e +hlh3 [au3 (hA)— (hA)}

i [a (h,A)— o 2(hlAl)}e3
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1 0 (hh, 0® 0 (hh 0D 0 (hh, 0®
77 - O=VPp=__ | 9| o®) d ko) I [Mmh 0D
20.77. - Laplacian of h,hyh, {aul( h, 8u1]+ auz( h, au2]+ 8u3( hy auj}

Note that the biharmonic operator V*® = V?(V?®) can be obtained from 20.77.

Special Orthogonal Coordinate Systems

Cylindrical Coordinates (r, 6, z) (See Fig. 20-12)

20.78. x=rcos 0, y=rsin 6, 7=7

20.79. hi=1, h=r’ hi=1

3

’® 10P 1 9’0 9’0

2 — 7,9 9%
20.80. V@= 72 +r or +r2 00° + 922

X

Fig. 20-12. Cylindrical coordinates. Fig. 20-13. Spherical coordinates.

Spherical Coordinates (r, 6 ¢) (See Fig. 20-13)

20.81. x=rsin Ocos ¢, y=rsin @sin @, z=rcos 0

20.82. h=1,  hj=r?’,  hi=r’sin’6

1a(,00) 1 9 9D 1_Je
o 10(,00 (. ,0®) 1 2P
20.83. V= (r ]Jr_rz_sine ae(s“‘e 89)+r28in20 997

Parabolic Cylindrical Coordinates (u, v, z)

20.84. x=%1@*-v?), y=uv, z=z

2085, MW =h=u+v:  hi=1

2086, V= 32q3+32q) +32q)
w+vi\ou®  9v?) 977

The traces of the coordinate surfaces on the xy plane
are shown in Fig. 20-14. They are confocal parabolas _
with a common axis. Fig. 20-14
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Paraboloidal Coordinates (u, v, @)

20.87. x=uwuvcosp, y=uvsing, z=+(u’-v%)
where u=0, v=0, 0=¢<2x

20.88. hi=h=u’+v’, B =u’v’
1 o [ od 1 o( od 1 9°®
20.89. VZ(I)Zi— et —[+t——
u(u’® +v% ou (u auj v(® +v7%) 81)( av) u’v® 09’

Two sets of coordinate surfaces are obtained by revolving the parabolas of Fig. 20-14 about the x axis
which is then relabeled the z axis.

Elliptic Cylindrical Coordinates (u, v, z)

20.90. x=acoshucosv, y=asinhusinv, z=z
where u=0, 0=v<2m, —o<z<

2091. Ak} =h; =a*(sinh’u+sin*v), k=1

20.92. V=

1 0D + 9*® + 0*®
a*(sinh?>u+sin?v) | ou> = Jv? d7?

The traces of the coordinate surfaces on the xy plane are shown in Fig. 20-15. They are confocal ellipses
and hyperbolas.

b'/e
V=7
x
= "4‘6
‘\’ -
L
o
4
L]
S
P KN
K v =32/2 5

Fig. 20-15. Elliptic cylindrical coordinates.
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Prolate Spheroidal Coordinates (&, 1, ¢)

20.93. x=asinh&sinncosd, y=asinh&sinnsing, z=acoshécosn

A

where E=0, O0=n=n 0=¢<2m

20.94. h’=h?=a*(sinh?&sin’n), h? = a*sinh*Esin’n

1 0 od
e .
2095. V= a®(sinh? & +sin?n)sinh & 9& (smhf o )

+ ! i inn—=— |+ ! oo
a’(sinh? & +sin? 1) sinn an smn dn ) a’sinh*Esin’n dg?

Two sets of coordinate surfaces are obtained by revolving the curves of Fig. 20-15 about the x axis which
is relabeled the z axis. The third set of coordinate surfaces consists of planes passing through this axis.

Oblate Spheroidal Coordinates (&, 7, ¢)

20.96. x=acosh&cosncos¢y, y=acoshécosnsing, z=asinh&sinn
where =0, -nmnR2=n=n2, 0=¢<2n

20.97. h?=h?=a*(sinh’$+sin?n),  hZ =a’cosh?*Ecos’n

. ! B (e
20.98. Vie= a*(sinh? & +sin® n) cosh & o€ cosh& &

N 1 (P, 1 > o
a*(sinh? & +sin® ) cosn an cosn on ) a*cosh?Ecos’n d¢?

Two sets of coordinate surfaces are obtained by revolving the curves of Fig. 20-15 about the y axis which
is relabeled the z axis. The third set of coordinate surfaces are planes passing through this axis.

Bipolar Coordinates (i, v, 7)

asinhv asinu
X=— y=—" 7=z
20.99. coshv—cosu’ coshv—cosu’
where 0=u<2m, —-o<VD<owo, -—o0z<oo

or

20.100. x’+(y—acotu)’ =a’csc’u, (x—acothv)’+y>=a’csch’v, z=z
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aZ

2 _ 12 — _ 2 =
20101 h'=h; = (coshv — cosu)?’ =1
(coshv—cosu)? (*°® *®\ °D
2 —
20.102. V o= az (auz + avz + aZ2

The traces of the coordinate surfaces on the xy plane are shown in Fig. 20-16.

Fig. 20-16. Bipolar coordinates.

Toroidal Coordinates (i, v, ¢)

_asinhvcos¢ _asinhvsing B asinu
20.103. T coshv—cosu’ ° coshv—cosu’ *~ coshv—cosu

a? 5 a*sinh’ v

2_p2 - - 000000 =
20.104. 7 =hy = (coshv—cosu)”” *  (coshv—cosu)’

20.105. V@=

(coshv —cosu)® 9 1 0
a? Ju\ coshv —cosu du

(coshv —cosu)’ 9 sinhv 9@\  (coshv—cosu)* 9*®
a’sinhv  Jv | coshv—cosu dv a*sinh®*v  d¢?

The coordinate surfaces are obtained by revolving the curves of Fig. 20.16 about the y axis which is
relabeled the z axis.

Conical Coordinates (4, , v)

)

20106, = MV ’l\/(“ ‘“2)(V —a

Ay A\/(u bz)(v —b%)
ab’

(@ =v?)
(W =a*)(b* -y

A —v?)
(V2 _ aZ)(Vz _ b2)

20.107. k=1, k= h2 =
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Confocal Ellipsoidal Coordinates (4, 1, v)

20108. gt _uta—gu

or

,_ (@ =)@’ - u)a® —v)
T @-@ =)

02 =) - w)(b* —v)

20.109. 4y =g s )

, _ (@ =A)(e — (e —v)
- (Cz _ a2)(C2 _ b2)

A<c?<b*<a?
ct<u<b’*<a®

ct<b*<v<a®

he = (‘U_ 2’)(v_ﬂf)
V4@t =) (B - A)(ct - A)
(= -w
A10. 45 =
R T T )
o (A=vE-v)
3 4@t —v)(bE =) (2 —v)
Confocal Paraboloidal Coordinates (4, (i, v)
2 2
(lzx——l-i_bzh——/lzz_/l’ —w< A< b?
20.111. x? v 5 s
az—u+b2—,u_z_#’ b*<u<a
x2 2
az_v+ﬁ=z v, a’><v<oo

o @ =M@ - @ -v)

20.112. b*-a
, (02 =A)(* = u)(b* —v)
yo= 2 —b2
z=A+u+v—a*-b?
ne = u=-Av-24)
Ty T )
,_ (v—wA -
20.113. hz - 4(612 _u)(bz _u)
W - A=v)(u-v)
37 16(a? - v)(b2 —v)




Section VI: Series

2 1 SERIES of CONSTANTS

Arithmetic Series

21.1. a+(a+d)+(a+2d)+ -+{a+(n-1d}=1n{2a+(n-d}=3n(a+1)
where [ = a + (n — 1)d is the last term.

Some special cases are
21.2. 142+43+--+n=in(n+1)

213. 1434+5+--+Q@2n-D=n?

Geometric Series

— al—r" a_rl
21.4. a+ar+ar2+gr3+...+arn1: ( ):

1-r 1-r
where [ = ar”! is the last term and r # 1.

If -1 <r<1,then

a
21.5. a+ar+ar2+ar3+---=1—
-r

Arithmetic-Geometric Series

n n—1 n
216, a+(a+dyr+(a+2d)y ++{a+ (n—dp = A=) rdllznr + =z D)

1-r (1-r)?
where r#1.
If -1 <r<1,then

2 a rd

21.7. at+(a+dyr+d+2d)yr"+ - =—+——
I-r (1-r)
Sums of Powers of Positive Integers
p+l p-1 _ _ -3

208, 1742743 +eant =gy B Bop(p=D(p ="

p+1 2! 41

where the series terminates at n” or n according as p is odd or even, and B, are the Bernoulli numbers (see
page 142).
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Some special cases are

1
219. 1+243+-+n= n(n+1)

,  nm+1D(2n+1)
N 6

2 12
21.11. 13+23+33+-~-+n3=%=(1+2+3+---+n)2

21.10. 1*+2*+3*+---+n

2
212, 42 43  4eoint = n(n+1)(2n +31())(3n +3n-1)

If S, =1"+2°+3"+---+n" where k and n are positive integers, then

2113, ( kl“ Jsl+( kgl ]S2+'"+[ "Zl jSkz(n+1)k+l—(n+1)

Series Involving Reciprocals of Powers of Positive Integers

135

1 1 1 1
114, 1-—4+———4+——-.=In2
2 2 3 4 5
2115 1_14_1_1 l_..._ﬁ
e 3 5 7 9 4
11 1 1 zJ3 1
2116, l-—+———+——--.=—"+—In2
6 4 7 10 13 9 3
a7, gl Lo 1 w2 V2hnd+V2)
5 9 13 17 8 4
1 1 1 1 1 a3 1
18 ———+-—-—+——=——+—-In2
21.18 2 5 8 11 14 9 3
1 1 1 1 ’
2119, — 4 — 4 — 4+ 4. =2
1?2 34 6
11 1 1 o
2120 — 4+ — 4 — 4 — .=
o2t 3 g 90
6
Y5 WL L L S P
1° 20 3% 4 945
1 1 1 1 n’
2122, — — — 4 4.2
1> 22 3 4 12
1 1 1 1 7t
2123, — 44—
o2t 3t g 720
1 1 1 1 31n°
2124, —— 4 —— 4=
1 20 3 4 30,240
1 1 1 1 n’

2125, — 4 — 44— 422
? 3 5 7 8
1 1 1 1 p
2126, — + —+ —+ — 4. =
14 34 54 74 6
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6
a7, Ly L L LT
1 3 5 7 960
1 1 1 1 i
2128, — — — 4 _ .-
13 33 53 73 32
1 1 1 1 3n’V2
21.29. 1—3+¥—5—3—?+”'= 128
21.30 ! + ! ! ! + _1
T 163 365 57 769 2
3l e 13
T 1e3 264 365 4e6 T4
1 1 1 1 72 —8
21.32. + + + 4oz
1263 3265  5%e7* 769’ 16
1 1 1 47* -39
21.33. + + 4oz
12622 e3% 2%e3%e4> 3%e4%e5° 16
a—1
a3, Lo L1 1 putdu
a a+d a+2d a+3d 014+u
Ry 291
21.35. 1%+2%+3%+4%+...=(2—)'p
p.
1 1 1 1 (2* -1)m*B
21.36. lzp+3Tp+STp+7z,,+“=T)!p
1 1 1 1 Q¥ ' -1)n**B
21.37. ITP_F+3TP_4TP+..:(2—p)!p
2p+l
2138, 1 1 1 1 m™E,

120+1 - 320+ + 52r+] - 72041 toee= 22p+2(2p)!

Miscellaneous Series

1 sin(n+1/2)a
21.39. —+coso+cos20+---+cosng =—————
2 2sin(a/2)
. . . ) sin[1/2(n + D] sin12no
21.40. sino+sin2q+sin30+---+sinno = -
sin(a/2)
1—
21.41. l1+rcoso +r*cos2o+r’cos3a+---= %, lrl<1
1-2rcosa+r
21.42. rsino +r’sin20+r’sin3a+---= rsmo , Irl<1

1-2rcoso + 7>

r"?cosno—r""' cos(n+ 1)t —rcosor +1

21.43. 1+rcoso +r>cos20+---+r" cosno = >
1-2rcoso+r

n+2

rsino —r" sin(n+ 1) o + r"*? sinno.

21.44. rsino +r7sin2a+---+r"sinna = 3
1-2rcosa+r
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The Euler-Maclaurin Summation Formula

n—1 n 1
2145, 3 F()= [ F(kydk=—{F(0) +F(n)
1 ’ _ _ 1 7’ _ n
+ S (F ) = FO)) = {F" ()= F"(0)

L (P )= FO0)) = ——

F(vii) _F(Vii) 0
30,240 2096000 ™ O

+

+oe (=D i{F‘z"‘”(n) —F*0)} +--
2p)!

The Poisson Summation Formula

246, Y Fr=Y {j:ez”i”“F(x)dx}

k=—o0 m=—oo



2 2 TAYLOR SERIES

Taylor Series for Functions of One Variable

frac-a’ L f@E-a”
2! (n-1)!

21 ()= fl@)+ fax-a)+
where R , the remainder after n terms, is given by either of the following forms:

(n) _ n
22.2. Lagrange’s form: R = M
n

22.3. Cauchy’s form: R = [ =)" (x=a)
" (n—1)!

The value & which may be different in the two forms, lies between a and x. The result holds if f{x) has
continuous derivatives of order n at least.

If lim R =0, the infinite series obtained is called the Taylor series for f(x) about x = a. If a = 0, the series
is often called a Maclaurin series. These series, often called power series, generally converge for all values
of x in some interval called the interval of convergence and diverge for all x outside this interval.

Some series contain the Bernoulli numbers B, and the Euler numbers E | defined in Chapter 23, pages
142-143.

Binomial Series

-1 -D(n-2
n(n )a"72x2 n n(n—1(n )an73x3

224. (a+x)"=a"+na"'x+ Y 3 +---
=a" +( rlz ]a"1x+[ ; ja"z)c2 +( r31 ]a”3x3 +--
Special cases are

22.5. (a+x)’=da’ +2ax+x’

22.6. (a+x) =a’+3a’x+3ax*+x°

22.7. (a+x)' =a'+4a’x+6a’x* +4ax® +x*

228, (1+x)'=l-x+x"=x"+x*' - -l1<x<1

229. (1+x)?=1-2x+3x"—4x’ +5x" —--- —-l1<x<1
2210. (1+x)°=1-3x+6x>—10x>+15x" —--- —-l1<x<1

138



TAYLOR SERIES

139

1 1¢3 1e3e5
2211, (+x) " =l-—x+—x'———x"+- o=
(1+) 2 24" T 2ede6" P<x=1
2112 (1+x)1/2=1+lx_ 24 1.3 PN lex=1
o 27 2.4 2e4e6 =
1 1.4 lede7
2213. (+x) P =1-=x+ X’ = X+ -1 =1
(L+2) 377306 34649 Sa=
1 2 245
22.14. (1+0)"=1+-x——"x"+ O B -
(L+2) 37 346 34649 P<x=1
Series for Exponential and Logarithmic Functions
xz )C3
22.15. eX:1+x+—+_+... —c0 < X < o0
21 3!
2 3
22.16. a“‘=e'“““=1+xlna+(“na) +(XI;a) + —co < X< oo
XZ x3 x4 .
22.17. 1n(1+_x):x—7+?_?+ —1l<x=1
218, ~In (Hx) PRI l<x<l
S e T 35 7 Tiers
lnx—2 ('x—_l)_kl(x__l)g_Fl(x__l)s_F
22.19. x+1) 3+l 5+l x>0
2220, Inx (x—1)+l(x—1)2+l(x—l)3+ _1
= —_— —_— e x:_
- X 2\ x 3\ x 2
Series for Trigonometric Functions
3 5 7
2221, sinx=x- 42 X .. o< x<oo
3151 7!
2 x4 6
2222, cosx=1—-—+———+--. —oc0 < x < oo
21 4! 6!
3 5 7 2n 2n_ 2n—1
22.23. tanx=x+x—+2i+l7x +---+2 (27D +- |x|<£
3 15 315 2n)! 2
I x x* 2% 22" B x2!
2224, cotx=—————_ " _.._Z T L. 0<lxl<
X 3 45 945 (2n)! rsr
2 6 2n
22.25. secx_1+x—+5x +61x +---+E”x +--- IxI<£
24 720 2n)! 2
5 2n71_ 2n—1
22.26. cscx—l+£ 7x° + 3lx +~-+2(2 DB,x O<lxl<m
x 6 360 15,120 (2n)!
1x3 1e3%° e3e5
2227, sinlx=x4-t x—+ il Ixl<1
23 2e45 ede6 7
2228, cos'x="—gin"x="— x+lx— Lo x—+--- lxl<1
2 2 23 45
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X X X
2229, tan'x= 3.5 7
M S S (+ifx=1, - ifx=-1)

n XX
——|Xx——=t—— lxl<1

22.30. cot'x= % —tan"'x =

1 1 1
PR+ ————+——- (p=0ifx>1,p=1lifx <-1)
x 3x° 5x
1 1 1
22.31. sec’1x=cos"'(1/x)=£— —+ -+ 3 — - lx1>1
2 x 2e3x 2e4e5x
-1 < —1 1 1 1‘3
22.32. csc x=sin (I/x)=—+ T+ st [xI>1
x 2e3x7 2e4e5x

Series for Hyperbolic Functions

3 5 7

2233, sinhx=x++ 12 4. o < x < oo
315 7!
h —1+x—2+—4+x—6+ —co<x<
22.34. coshx= TRVTRS X
3 5 7 _ n—-1~2n 2n_ 2n—1 T
2235, tanhx=x-2 422 _Ux  CDT2PCT-DEXT Ixl<=
3 15 315 (2n)! 2
22 36 COthx 1+x x3 +2x5+ (_1)n7122anx2n71 0 l |
.36. =+ ——F—+ <lxl<
X 3 45 945 (2n)! xisz
2 4 6 _1\? 2n
2237, sechx=1-4 2 O CUEX Ix1<Z
2 24 720 (2n)! 2
l 3 l 5 _] n2 221171_] B 2n—1
2238, eschaotoX Ix 3 CDTX )B,x 0<lxl<rm
x 6 360 15,120 2n)!
x° 1e3x° le3e5x’
X— + - [xl<1
203 2e4e5 2ede6e7
. -1 . _
22.39. sinh™ x = 1 1.3 1.3.5 +ifx§1
i(lnIZxI+ 5= yias 6—---) )
2e2x” 2ede4x 2e4e6e6x —ifx=-1
. 3 +if cosh? x>0, x =1
22.40. cosh"xzi{ln(Zx)—( ! =+ 1e3 ~+ 12325 6+--~j}
2e2x” 2ededx” 2e4e6¢6x —if cosh'x<0,x=1
x3 5 7
22.41. tanh_1x=x+—+?+7+--- lxl<1
22.42. COth_1X=l+L3+L5+L7 lx1>1
x 3x° 5x7 Tx
Miscellaneous Series
2 4 5
2243, oM lex+ X X L o< x< oo
2 8 15

2 4 6
22.44. ew:e( X x 3l +j o <x<oo
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2 3 4 T
22.45. e‘a“"=1+x+x—+x—+3i+~-- Ixl<—=
28 2
3 5 6 27!/2- /4 n
22.46. e’”sinx=x+x2+x——x——x—+---+M+ —o < X < oo
3 30 90 n!
3 4 nl2 n
22.47. excosx=1+x—x?—x—+---+2 cos(n|7r/4)x + T <X <o
n!
. x2 x4 x6 22n71 an2n
22.48. 1n|s1nx|—ln|x|—F—m—m ———— W‘l’ O<lxl<rm
x2 x* x0 17x8 22122 —1)B x*" T
22.49. 1H|COSX|——7—ﬁ—B—2520—"'— n(zn)' ‘X’<E
_ b4
22.50. _ X2 Ixt 62xt 22 -DB x| 0<lxl<%
1n|tanx|—ln|x|+3+90+2835+ + (2] 2
22,51, Ind+x) _ lxl<1

T x x—(1+Hx?+1+1+HxP -

Reversion of Power Series

Suppose

2252, y=Cx+C,x*+Cx* +Cx* +Cx> + Cx® + -+

then

2253, x=Cy+C,y +Cy +Cy* +Cy3 +Cy0 +-+

where

22.54. ¢C, =1

22.55. ¢C,=—c,

22.56. ¢;C,=2c;—c,

22.57. ¢/C,=5c,c,c,—5¢c; —cic,

22.58. ¢)Cs=6clc,c, +3cici—cies+14c) —2lecic,

11 _ 3 3 3 2 2 4 2.2 5
22.59. ¢, C, ="TTc;c,c5+84c chc, +Tcicie, —28c c,05 — ¢/¢cg — 28¢; c,¢, — 42¢;

Taylor Series for Functions of Two Variables

22.60. f(x,y)=f(a,b)+(x—a)fx(a,b)+(y—b)fy(a,b)
1
37 (x= a7 £, (@,b)+ 2(x = @)y = ) f, (a,b) + (y=b)* f, (@, b))} +-+-

where f (a,b), fy (a,b),... denote partial derivatives with respectto x, y, ... evaluated at x=a, y =b.



23 BERNOULLI and EULER NUMBERS

Definition of Bernoulli Numbers

The Bernoulli numbers B,,B,,B;,... are defined by the series

x . x Bx* Bx* Bx°
23.1. m—l—iﬁ' 2' - 4' + 6‘ |x|<27l'
x x _ Bx* Bx* Bx®
232, l—=cotz= : +--- Ixl<m

2= 21 T4t Te

Definition of Euler Numbers

The Euler numbers E , E,, E,, ... are defined by the series

Ex* Ex* E.\x* T
23.3. sechx=1- 12)!“ + j"!‘ - g’f #elxl<s
Ex* E,x* Ex° i1
234. secx=1+ '2! + f“ ——r T |x|<7

Table of First Few Bernoulli and Euler Numbers

Bernoulli Numbers Euler Numbers
B, =1/6 E =1
B, =1/30 E, =5
E, =61
B, =1/42 E, =1385
B, =1/30 E, =50,521
B, =5/66 E,=2,702,765

E, =199,360,981

E, =19,391,512,145

B, =7/6 E, =2,404,879,675,441

B, =3617/510 E,, =370,371,188,237,525

E,, =69,348,874,393,137,901

E,, =15,514,534,163,557,086,905

B, =691/2730

B, = 43,867/798
By, =174,611/330
B, =854,513/138
B, = 236,364,091/2730

142
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Relationships of Bernoulli and Euler Numbers

53, [ 2n+1 szBl—( 2n4+1 j2432+( 2n6+1 Jzﬁ&_m(_l)n1(2n+1)22n3n o

2

2n 2n 2” n
23.6. En:( 5 ]Enl_[ 4 JEnz"‘( P ]EnS_.“(_l)

2n 2n—1 2n—1 2n—1 "
237. B =—F7F—" E _ — E _ + E _.—--(-)"
n 22n (22n _ 1) {( 1 ] n—-1 [ 3 J n-2 ( 5 ] n-3 ( ) }

Series Involving Bernoulli and Euler Numbers

(2n)! 11
23'8' B'l = 22117171.271 {1 + 22n + 32n + }

2(2n)! 11
23.9. Bn=£{1+37+¢+--}

(22n _ I)ﬂ-Zn
2(2n)! 1 1
23.10. anm{l—ﬁ—kv_...}
22n+2(2n)! 1 1
23.11. E, = T {1_ 3+l T gt _}

Asymptotic Formula for Bernoulli Numbers

23.12. B, ~4n*'(mwe)*"Jnn



2 4 FOURIER SERIES

Definition of a Fourier Series

The Fourier series corresponding to a function f(x) defined in the interval ¢ = x = ¢ + 2L where ¢ and
L > 0 are constants, is defined as

- i1 T
241 Loy z(an cos% +b, sin%)

2 05
where
o =1 [ peorcos ™ ax
242, ? IR ix
b, :Z L f(x)sdex

If f(x) and f’(x) are piecewise continuous and f(x) is defined by periodic extension of period 2L, i.e.,
f(x+2L) = f(x), then the series converges to f(x) if x is a point of continuity and to +{f(x +0)+ f(x—0)} if
x is a point of discontinuity.

Complex Form of Fourier Series

Assuming that the series 24.1 converges to f(x), we have

243. f(x)= ) ce""
where
R La,—ib) n>0
244, c,=57 [ fee™tdx={ t(a, +ib,) n<0
ta, n=0

Parseval’s ldentity

1 c+2L _ ag nd
45 1| {f(x)}zdx—7+§(aj+bj)

Generalized Parseval Identity

1 c+ hnd
246 — | " rgde =221+ (ac, +b,d,)
¢ n=1

2

where a , b and c , d are the Fourier coefficients corresponding to f(x) and g(x), respectively.
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145
Special Fourier Series and Their Graphs
_J 1 O<x<m f(x)
— T
1
4(sinx sin3x sin5x ) ! ! | L.
_ + + +ee 'I_z., T—x 0 (K4 |27
T\ 1 3 5 ] ! ] |
— | [
Fig. 24-1
24.8. f(x)=|x|={ X O<x<rm f(x)
—-x —nw<x<0
L i cosx cos3x cosSx
2El e e et
x
Fig. 24-2
249. f(x)=x, —mw<x<nm fa)
) sinx sin2x sin3x
T 2 T3 7
24.10. f(x)=x, O0<x<2m f(@)
sinx sin2x sin3x -
”‘2( "2 "3 +) /: : i !
1 1
! | ] W/
T T ] —f x
—4nr —2r 0 27 4r
Fig. 24-4
2411. f(x)=lsinx|, —zw<x<rm f(z)
2 4(cos2x cosd4x cosbx
[ — + + +...
w o mw| 13 3¢5 547 1
S —. 0 ™ 20

Fig. 24-5
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_Jsinx O<x<m
24.12. f(x)—{ 0 reroan 1@
1.1 _E 0052x+cos4x+cos6x+
o e W T T P S P /\ Y /
AJ T \ x
—927 — 0 T 27
Fig. 24-6
_ cosx O<x<rm fx)
24.13. f(x) {—cosx —-r<x<0
8 (sin2x 2sindx 3sin6x \ \ \
AT s T \JF V Q o
Fig. 24-7
— 2 _
2414, f(x)=x*, —-7mw<x<=m f(x)
o cosx_c0s2x+cos3x L
3 12 22 32
—8r —2r —m 0 7 27 3r ¥
Fig. 24-8
24.15. = -x), O
fx)=x(r—-x), 0<x<m f(=)
7t_2_ c052x+cos4x+cos6x+m
6 12 2? 32
—’217 '—‘71’ ° 7 2"" i
Fig. 24-9
24.16.  f(x)=x(T—x)T+X), —T<X<T f(@)
sinx sin2x sin3x
12( N —) /
- 0 T 2z x

Fig. 24-10
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0 O<x<rm-a fx)
24.17. f(x)= 1 T—O<x<m+o — 2a - — 2y - - 2q - — 20 -
0 m+a<x<2r ' ' i i 1 I
J T T N T
a 2 (sinacosx sin2a cos 2x | : Lo b b
T ol 1 2 o L o o
. N SR T T T B T
+s1n3occos3x_m) —3z  —2r —7m ° 7 2 3
3 Fig. 24-11
_ x(r—x) O<x<nm f(x)
24.18. f(x)—{ —x(m—x) -w<x<0
8 (sinx sin3x  sin5x f\ /
AR 33 5 Ve e v vz. x
Fig. 24-12
Miscellaneous Fourier Series
24.19. f(x)=sinux, —-mw<x<m, U+ integer
2sinym ( sinx  2sin2x  3sin3x
P 12—,u2_22—,u2+32—y2_m
24.20. f(x)=cosux, —m<x<m, U+ integer
2 sin um L_'_ COSX  cos2x + cos3x
T 20 P 22— 32
24.21. f(x)=tan'[(asinx)/(1—acosx)], —w<x<m, lal<l
2 3
asinx+a7sin2x+%sin3x+---
24.22. f(x)=In(1-2acosx+a*), —-mw<x<m lal<l
2 3
—Z(acosx+g—cos2x+§—cos3x+---)
1
24.23. f(x)=ftan“[(Zasinx)/(l—az)], —-n<x<m lal<l
al a’
asinx+3—sin3x+5—sin5x+---
1
24.24. f)=5tan"[Qacosx)/(1-a”)], -w<x<m, lal<l
3 a5
acosx—3—cos3x+5—0055x—~-
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24.25. f(x)=e",-m<x<nm

2sinhuz | 1 - (—1)" (i cosnx —nsinnx)
Y 2—+2 R
:Ll n=1 # t+n

24.26. f(x)=sinhux, —mw<x<mw

2sinhuz ( sinx _251n2x+3sin3x_
b4 P+pu> 224+u* 3P+u?

24.27.  f(x)=coshux, —mw<x<r

2usinhuzw | 1 cosx  cos2x  cos3x
EY R PP R R e S
T 2ut 1IT+ut 274p 3 +u

24.28. f(x)=Inlsinixl, O<x<rm

_(ln2+cosx cos2x cos3x )

T 772 T3

24.29. f(x)=Inlcosixl, —mw<x<m

(1o cosx+ cost_cos3x+m
n 1 2 3

24.30. f(x)=im’—Ltax+ix?, 0=x=2n

cosx cos2x cos3x
(LI CRE

24.31. f(x)=Hx(x—-m)(x-2m), 0=x=2=&

sinx sin2x sin3x
R S

2432 fy=gat-sril v’ —kxt, 0=x=2rm
cosx cos2x cos3x
P T 3*




Section VII: Special Functions and Polynomials

2 5 THE GAMMA FUNCTION

Definition of the Gamma Function I'(n) forn > 0

251. T(n)= j:t"-le-' dt  n>0

Recursion Formula

252. T(n+1)=nl(n)

Ifn=0, 1,2, ..., a nonnegative integer, we have the following (where 0! = 1):

253. T(n+1)=n!

The Gamma Function forn < 0

For n < 0 the gamma function can be defined by using 25.2, that is,

254, T(m=1tD

Graph of the Gamma Function

T'(n)

Al

149
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Special Values for the Gamma Function

255, T(H)=r

le3e5---2m—1
25.6. rm%p%ﬁ m=1,2,3,...

-)"2"Jm

2= NT =123, ...
le3e5--(2m—1)

257. T(=m+3)=

Relationships Among Gamma Functions

258. T(p)I(1-p)=—2

sin pm

259. 2" T)I(x+4)=+m [ (2x)

This is called the duplication formula.

25.10. T'(x)C (x + ! )F(x + 2) e F(x + m_—lj: m" 7" (2m) " VT (mx)
m

m m

For m = 2 this reduces to 25.9.

Other Definitions of the Gamma Function

) le2e3.--k ’
2511. T'(x+1)=1lim k*
ke (x+D)(x+2)--(x+ k)

L_ vx - ﬁ —x/m
2512 T H{(”m)e }

m=1

This is an infinite product representation for the gamma function where 7 is Euler’s constant defined
in1.3, page 3.

Derivatives of the Gamma Function

2513, T'(D= | e Inxdr=—y

) _ +(l_l)+(l_L)+
. T(x) U I A U

Here again is Euler’s constant y.

i)
+ —_ +...
n x+n-1
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Asymptotic Expansions for the Gamma Function

1 139
2515, T(xr+1)=2mar'e I+ ——+—— .
(er D= amre { 121 288x°  51,840x° }

This is called Stirling’s asymptotic series.
If we let x = n a positive integer in 25.15, then a useful approximation for n! where n is large (e.g.,
n > 10) is given by Stirling’s formula

25.16. n'!~2mnn"e™"

where ~ is used to indicate that the ratio of the terms on each side approaches 1 as n — oo.

Miscellaneous Results

25.17. IT(ix)P=—"
xsinhwx



2 6 THE BETA FUNCTION

Definition of the Beta Function B(m, n)

26.1.  B(m,n)= j;t’”‘l(l— Ot m>0,n>0

Relationship of Beta Function to Gamma Function

_ T

26.2. B(m, n)
I'(m+n)

Extensions of B(m, n) to m <0, n < 0 are provided by using 25.4.

Some Important Results

26.3. B(m,n)=B(n, m)

264. B(m,n)= 2_[:/25in2m_1 0cos' 646

tmfl

26.5. B(m,n)= :(1 > dt
+

1 tmfl(l _ t)nfl

26.6. B(m,n)=r"(r+1)" T
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2 7 BESSEL FUNCTIONS

Bessel’s Differential Equation

27.1. X’y +xy’+(x*-n’)y=0 n=0

Solutions of this equation are called Bessel functions of order n.

Bessel Functions of the First Kind of Order n

n 2 4
272, J (x)=— ——x x .
2'"T'(n+1) 22n+2) 24Q2n+2)2n+4)

- (_l)k (xlz)n+2k

- k!'T(n+k+1)

—-n 2 4
273, ] (x)=—— {1_ r al _}

2'T(-n) | 2Q2=2n) 2e4(2—2n)(4-2n)

(=D (x/2)*"
2 * K\T(k+1-n)

274, J_,(0)=(1"J,(x) n=0,1,2,...

—-n

Ifnz0,1,2,...,J,(x)and J_, (x) are linearly independent.
Ifn20,1,2,...,J,(x)is bounded at x = 0 while J_ (x) is unbounded.

For n=0, 1 we have

2 4
X X .X6

27.5. Jo(x)—1—2—2+22.42 0244246 *

3 5 7
X X X

+
2 22 4 22042 6* 2204206208

27.6. J(x)=

277, Ji)=-J, ()

Bessel Functions of the Second Kind of Order

J, (x)cosnm—J_, (x)

; nz0,1,2,...
sinn

278. Y.(0)=
J cospmw—J

fim 22 CSPE =,

pon Sin prm

This is also called Weber’s function or Neumann’s function [also denoted by N (x)].

153
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Forn=0, 1,2, ..., " Hospital’s rule yields
n—1 (n k )

27.9. Y(X)_—{ln(x/2)+’)/}J (x) 2 (x/2)2kﬂz
T im0 k!
——Z( D {D(k) + D(n +k)}(X/2)
T k=0 k\(n+k)!

where y =.5772156 ... is Euler’s constant (see 1.20) and

11 1
D(p)=l+—+—+--+—, D0)=0
27.10. (p) >3 P (0)

Forn=0,

2 [x* X! 1 x° 1 1
27.11. Y(x)——{ln(x/2)+j/}J (xX)+— {22 W(HE)JFW(”TE)_”}
2712, Y, (x)=(=1)"Y,(x) n=0,1,2,...

For any value n=0, J, (x) is bounded at x = 0 while Y (x) is unbounded.

General Solution of Bessel’s Differential Equation

27.13. y=AJ,(x)+BJ_,(x) nz0,1,2,...

27.14. y=AJ (x)+BY, (x) all n

alln

27.15. y=AJ (x)+BJ, (x)jsz()

where A and B are arbitrary constants.

Generating Function for J (x)

27.16. ex(t—l/t)/Z — Z Jn(x)tn

Recurrence Formulas for Bessel Functions

2
27.17. Jn+l(x) = 7’1]’1()6)_]”_1()5)

27.18. J,(x)=3{J,,(x)=J,,(x)}
27.19. xJ (x)=xJ,_,(x)—nJ, (x)

27.20.  xJ/(x)=nJ, (x)—xJ, ., (x)
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a1 L ) =x (0
dx

d
27.22. —{x"J, ()} ==x"J, (x)
dx

The functions Y (x) satisfy identical relations.

Bessel Functions of Order Equal to Half an Odd Integer

In this case the functions are expressible in terms of sines and cosines.

2 /
27.23. J,,(x)=,|— sinx 27.26. Jap(0)=

X

2 3 3
27.24. J,,(x)= — cosx 27.27. Jsp(x)= —2— sinx - —cos.x
i 2 (3. 3

205, U0 =~ (Smx - cosx) 2728, J(0)=|— {—smx + (—— l)cosx}

TX X TX X X

For further results use the recurrence formula. Results for Y, ,(x), ¥;,,(x), ... are obtained from 27.8.

Hankel Functions of First and Second Kinds of Order

27.29. HV(x)=J,(x) + i¥,(x) 27.30. H,”(x)=J,(x) - iY,(x)

Bessel’s Modified Differential Equation

2731, xX*y'+xy—(x*+n’)y=0 n=0

Solutions of this equation are called modified Bessel functions of order n.

Modified Bessel Functions of the First Kind of Order n

27.32. | (x)=i"J, (ix)=e "] (ix)

xn x2 x4 oo (x/z)n+2k
YT+ | 22n+2) 2e4Q2n+2)2n+4) S T(n+k+1)

27.33. I (x)=i"J_,(ix)=¢€""*J_, (ix)

= x” 1+ xz + X4 4+ ziﬂ
27'T(-n) | 22-2n) 2e4(2-2n)4-2n) “ kT (k+1-n)

2734. I (x)=1(x) n=0,1,2,..
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Ifn#0,1,2,..., then [ (x) and I (x) are linearly independent.
Forn =0, 1, we have

2 4 6

X X X
27.35. I,(x)= +?+ ot et

x3 x5 x7
27.36. I, == + +
)=t T e e 6008

27.37. I(x)=1,(x)

Modified Bessel Functions of the Second Kind of Order

,” U ()~ 1I,(x)) n#0,1,2, ...
2sinnmw
2738, K.(0)=
lim L, 0=1,0) n=01.2,...
p—n 28in p r

Forn=0,1,2, ..., " Hospital’s rule yields

27.39.  K,(x)=(=D""{In(x/2)+y)I, (x)+ %i(—l)k (n—k—=D(x/2)*"

k=0

( 1) z (x/z)n+2k

et {d>(k)+d>(n+k)}

where ®(p) is given by 27.10.
Forn=0,

x* x! 1 x° 1 1
27.40. KO(X)Z—{IH(X/Z)'F'}/}IO(X)'F?+22.42 (1+5)+m(1+ + )4—

2741. K_,(x)=K,(x) n=0,1,2,...

General Solution of Bessel’s Modified Equation

2742. y=Al (x)+BIl_, (x) nz0,1,2,...
2743. y=Al (x)+BK, (x) alln
27.44. y=AIl (x)+BI (x) alln

j xI} (x)

where A and B are arbitrary constants.

Generating Function for / (x)

27 45. N2 z ]n ()"
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Recurrence Formulas for Modified Bessel Functions

27.46. I (x)=1, (x)— 2—"1n (x) 27.52. K, (x)=K, (x)+ 2n K (x)
X X
2747. IL(x)=%{I,_ ,(x)+1, (x)} 27.53. K/(x)=-1{K,  (x)+K, (x)}
27.48. X, (x)=xI, (x)-nl, (x) 27.54. xK'(x)=—xK, (x)—-nK,(x)
27.49. I’ (x)=xI_, (x)+nl (x) 27.55. xK!(x)=nK, (x)—xK,, (x)
d n n
27.50. i{x"zr ()} =x"I _(x) 27.56. —{x"K,(x)}=-x"K, (%)
dx n " dx
d, ., n
27.51. i{x‘”l ()}=x"I,,,(x) 27.57. —{x7"K,(0)}=-x"K,,,(x)
d.x n n dx

Modified Bessel Functions of Order Equal to Half an Odd Integer

In this case the functions are expressible in terms of hyperbolic sines and cosines.

/ 2 . / 2 (. cosh x
27.58. Il/z(x) =,/[—sinhx 27.61. 173/2()() A (Slnhx - )
X X X
2 2 3 . 3
27.59. I,(x)= ,/— cosh x 27.62. Lsp(0)=|— {(—2 + 1) Smhx——coshX}
X Tx \x X

2 inh 2 3 3.
27.60. I,,(x)=,|— (coshx _ x] 27.63. I,(0)=,|— {(—2+1)coshx——81nhx}
X X TX X X

For further results use the recurrence formula 27.46. Results for K| ,(x), K, ,(x), ... are obtained from
27.38.

Ber and Bei Functions

The real and imaginary parts of J (xe*™'*)are denoted by Ber, (x) and Bei (x) where

= (x/2)* GBn+2k)w
.64. Ber (x)= Ccos
27.64 2 () ggk!l"(n+k+1) 4

ki 2k+n
27.65. Bei,(x)= Y —2) o Gnt2bm
k!l T(n+k+1) 4

If n=0.

x/2)*  (x/2)®
T
(x/2)° N (x/2)"°
312 512

27.66. Ber(x)=1—

27.67. Bei(x)=(x/2)* -
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Ker and Kei Functions

The real and imaginary parts of ¢™™/* K (xe™'*)are denoted by Ker (x) and Kei (x) where

27.68. Ker, (x)=—{In(x/2)+y}Ber,(x)++m Bei, (x)

1 n—=1 1 _ ' 2k-n
+_Z (n—k—-1D!(x/2) cos (Bn+2k)x
2% k! 4
Bn+2k)rw

(x/z)n+2k
2 Sy {®(k)+®(n+k)}cos

27.69. Kei, (x)=—{In(x/2)+y}Bei, (x)— 7 Ber (x)

2(n k—l)v(x/z)“" n(3n+2k)n'

4
n+2k
2 I k) + D+ k))sin SF 2T
< K\(n+ k)!
and @ is given by 27.10.
Ifn=0,
4 8
27.70. Ker(x)=—{ln(x/2)+y}Ber(x)+%Bei(x)+1— (le ‘22) 1+5+ (x4/ 22 T B ST
. oo , (x/2)
27.71. Kel(x):—{1n(x/2)+j/}Be1(x)—ZBer(x)+(x/2) - A+3+H+--

Differential Equation For Ber, Bei, Ker, Kei Functions

27.72. X’y +xy —(ix’+n’)y=0

The general solution of this equation is

27.73.  y= A{Ber,(x)+iBei, (x)}+ B{Ker, (x)+iKei,(x)}

Graphs of Bessel Functions

Fig. 27-1 Fig. 27-2
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Y Y
61 31
5
4 I.(z 2
ol2) 1,(z)
> Ky(®)
2 1
14 K(x)
° i ) ) T ° ; 3
Fig. 27-3 Fig. 27-4
Y Y
3
2] B Beix s
] erx ) Kerx
14 .04
0 T r x .03
-1 12 -:2‘ Keiz
~2 .01 /-K
- 34 0 -—
—4 _od T\ 2 3 A 8 7
-5 —.024
— 8- —.03
-7 —.04
—84 —.05
— 94
- 104

Fig. 27-5

Indefinite Integrals Involving Bessel Functions

Fig. 27-6
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27.74.

27.75.

27.76.

27.77.

27.78.

27.79.

27.80.

27.81.

[ 1,y = x7,(x)
[0,y dx = 20, (x) + 3y () = [ Ty (x)dx

[ g, Goydx = x"0,(x) + (m = Dx" T (x) = (m = 1) [ 2", (x)dx

[ 28 = g0~ 229 (yax
x X

J'Jo(x)dxz J]()ZC) — Jo(x) — 1 _ Jjo(;xz)dx
x" (m-1)"x" (m—-1x" (m-1) "

le (x)dx = —J,(x)
jle (x)dx = —xJ,(x) + j J,(x)dx

J.me1 (x)dx=—=x"J,(x) +m Jx'”"l.lo (x)dx
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27.82.

27.83.

27.84.

27.85.

27.86.

27.87.

27.88.

Jde =—J,(x) + jJO(x)dx
X

dx

Ifl(X)dxz_Jl(X) L fJO(x)

m m—1

X mx m

m—1

X

20, 0 dx=x"1,(x)
[, () dx =—x7"7,(x)

Jx’”]n (xX)dx=-x"J

n-1

xX)+(m+n-1) J.x'”’lJnfl(x)dx

[, (0000, (B d = ML BOL @) = b, (001, (B

ﬂz_az
2

[ X2 (o) de = {7 (o) + x—(l - %J {, (@x)y
2 2 o’x

BESSEL FUNCTIONS

The above results also hold if we replace J (x) by Y (x) or, more generally, AJ (x) + BY (x) where A and B
are constants.

Definite Integrals Involving Bessel Functions

27.89.

27.90.

27.91.

27.92.

27.93.

27.94.

27.95.

27.96.

27.97.

g _ 1
-[O e Jo(bx)dx = W
_Wd*+b’-a)

C e (bx)dx = n>-1
.[O bn ,(12 +b2
L s
| cosaxJy(bxydx = Na® - b?
0 a<b

I J(bydr=2,  n>-1
0 b

Jdex T

0 X n

—b%/4a

j: e J,(bx)dx =

at, (), (@) BJ, (), (B)
ﬁZ _ az

J.Ol xJ (ox)J, (Bx)dx =

[Lar2 @uydx = £ @) + 1= Plo ) (0)F

J.lx_] (ax)I (ﬁX)d)C — ﬂJo(Of)Ié(ﬁ)—OtJ(’,(a)Io(ﬁ)
0”0 0 a2+B2
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Integral Representations for Bessel Functions

161

Joo =~ [ cos(xsin6) 6
T 0

27.98.
1 ¢~ . .
27.99. J,(x)=— fO cos(nf—xsin6)do n = integer
/4
x" ™
27.100. J (x)=———=——— | cos(xsin@)cos"0dO, n>-%
n( ) 2,,\/51_,(”4_%) JO ( ) 2
2 e
27.101. Y, (x)=—— jo cos (x coshu)du
n
27102, I,(x)=—~ [ cosh (xsin® 6= j“ 0
102, O(x)—7r , €08 (xsin@) =57 b e
Asymptotic Expansions
2 nT
27.103. J,(x)~,—cosfx———— where x is large
X 2 4
2 . nwt .
27.104. Y, (x)~, [ [—sinfx———— where x is large
X 2 4
1 ex\'
27.105. J,(x)~ N (Z) where 7 is large
2 —-n
27.106. Y, (x)~- n (%} where n is large
e .
27107 [ (x)~ where x is large
! \2mx
27.108 K (x)~ \/62_ where x is large
X

Orthogonal Series of Bessel Functions

Let A, A,, A5, ... be the positive roots of RJ, (x)+ SxJ!(x)=0, n>—1. Then the following series expansions
hold under the conditions indicated.

§=0,R#0,ie.,A, 4,, 4,,... are positive roots of J (x) =0

27.109.
where

27.110.

27.111.
where

27.112.

F@)= AT Ax)+ AT Aox) + A (Ax)+---
A= [ xf (0, (A x)dx
‘In+1 (A’k) 0 !

In psarticular if n = 0,

F)=AJ,(Ax)+ A (A,x)+ AJy(Ax) + -

Xf (0, (A x)dx

2
A =—
LT Jo
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RIS >—n

27113, f(x)= AJ,(AX)+ AJ, (Ax)+ A, (Ax)+ -

where
_ 2
T2 =d, (AT, (&)

27.114. A, jol (1), (Ax)dx

In particular if n = 0.
27115, f(x)=AJ,(Ax)+ AJd (A,x) + A (Ayx) +-
where

2 1
16, A=
2016 &= [ 2o, () dx

The next formulas refer to the expansion of Bessel functions where S # 0.

RIS =—n

27017, f(x)=Ax"+AJ, (A x)+ AJ, (A,x)++
where
A, =2(n+1) jo'x"*‘ FO0)dx
27.118. 2
A== |
Jn (/lk ) - Jn—l(/lk )JrH-l (Ak)

xf (0, (Ax)dx

0

In particular if n =0 so that R=0 [i.e., A, A, A,, ... are the positive roots of J, (x) = 0],

27.119.  f(x)= Ay + A, (Ax) + A, (Ayx) + -
where

A, = 2]'; f (x)dx
27.120. 2 J-

=D (0T, (M) dx

0

R/S <—-N

In this case there are two pure imaginary roots +iA, as well as the positive roots A,, A,, A,, ... and we have

27121 f(x)= A, (Agx) + AJ, (A x) + AT, (Ayx) +---

where
A = 2 [ 3 @)1, (A ) dx
O L)+, A, (A o T
27.122. )

A = 1
' J: (ﬂ"() -J. (/lk )‘]n+1(/lk) J.o X (x), (Akx)dx
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Miscellaneous Results

27.123. cos(xsinf)=J,(x)+2J,(x)cos20+2J,(x)cos40 +---

27.124. sin(xsin@) =2J,(x)sinf8 + 2J,(x)sin30 + 2J,(x)sin50 +---

27.125. J,(x+y)= D J (), () n=0,£1,+2, ..

k=—oc0
This is called the addition formula for Bessel functions.
27.126. 1=J,(x)+2J,(x)+--+2J, (x)+-

27127, x=2{J,(x)+3J,(x)+5J,(x) +--+Q@n+1)J,,,, (x)+-}

27128, x? =2{4J,(x)+16J,(x)+36J,(x)+---+(2n)*J,, (x)+---}

xJ, (x)
4

27.129. =J,(x)=2J,(x)+3J(x)—--

27130, 1=J;(x)+2J7(x)+2J5 (x) + 275 (x) + -+

27131, JA(x)=3+{J, ,(x)=2J (x)+J,.,(x)}

27132, J/()=5{J,5(0) =3/, () +3J,,(x)= ], ;(0)}
Formulas 27.131 and 27.132 can be generalized.

-
27133, J(0)J_ ()= T J (x)= T

-nYn

TX

.
27134 J (0T () +J_ (0], (x) = 2T

27135, J,u (DY, (0) = J, (0, (0) = 1, ()Y(x) = T (DY, (x) = %
27.136.  sinx =2{J,(x) = J,(x) + J5(x) =}
27.137.  cosx=Jy(x) = 2J,(x)+2J,(x) -
27.138.  sinhox = 2{1,(x) + I,(x)+ [;(x) +--}

27.139.  coshx = I,(x)+2{1,(x)+ I,(x)+ I, (x)+--)



2 8 LEGENDRE and ASSOCIATED LEGENDRE
FUNCTIONS

Legendre’s Differential Equation

28.1. (1-x*)y”"-2xy'+n(n+1)y=0

Solutions of this equation are called Legendre functions of order n.

Legendre Polynomials

Ifn=0,1,2, ..., asolution of 28.1 is the Legendre polynomial P (x) given by Rodrigues’ formula

dn

28.2. P (x)=
2"n! dx"

(x* =1y

Special Legendre Polynomials

283. FR()=1 28.7. P, (x)=4(35x" —30x7 +3)

284. P(x)=x 28.8. P.(x)=1(63x"—70x" +15x)

285. P(x)=1(3x*-1) 289. P.(x)=1(231x° —315x* +105x> - 5)
28.6. P,(x)=1(5x"-3x) 28.10. P(x)=1(429x" —693x° +315x° —35x)

Legendre Polynomials in Terms of & where x = cos 6

28.11. Py (cosf)=1

28.12. P/(cosf)=cos6

28.13. P,(cosB)=+(1+3cos26)

28.14. P,(cosO) =4 (3cosO+5c0s36)

28.15. P,(cosB) =2 (9+20c0s26 +35c0s40)

164



LEGENDRE AND ASSOCIATED LEGENDRE FUNCTIONS 165

28.16. P(cosO) = 75 (30cosO +35c0s36 + 63cos56)
28.17. P,(cos0) = =5 (50 +105c0s20 + 126 cos 40 + 231cos 66)

28.18. P,(cosO) =157 (175c0s0 +189c0s36 + 231 cos 50 + 429 cos 76)

Generating Function for Legendre Polynomials

28.19. P (x)t"
\/1 21x + 12 z

Recurrence Formulas for Legendre Polynomials

2820 (n+DP, (x)—2n+DxP (x)+nP_,(x)=0
28.21. P/, (x)—xP/(x)=(n+1P,(x)
28.22. xP/(x)— P/ ,(x)=nP,(x)

28.23. (x)—P/  (x)=2n+DP,(x)

n+l

28.24. (x? —DP/(x)—nxP,(x)—nP, (x)

Orthogonality of Legendre Polynomials

28.25. jll P.(x)P.(x)dx=0 m#n

2
2n+1

2826, [ (P dr=

Because of 28.25, P (x) and P (x) are called orthogonal in -1 = x = 1.

Orthogonal Series of Legendre Polynomials

2827, f(x)= AP (x)+ AP(0)+ AP (x)+--
where

2k +1

28.28. A, = j F(X)P,(x)dx
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Special Results Involving Legendre Polynomials

2829. P(I)=1

28.30. P (-1)=(-1)"

2831 P (—x)=(-1)"P,(x)

0 n odd
1e3e5--(n—1)

-y - n even
1 204061

28.32. P(0)=

2833. F(0n= %jo (x+x* —1cosg)"d¢

Pn+l (x)_ Pn—l(x)

2834. [P (x)dx= o

2835. |P(x)|=1

1 @ -1"
2n+1 ﬂ'l ¢ (Z _ x)nJrl

28.36. P.(x)=

where C is a simple closed curve having x as interior point.

General Solution of Legendre’s Equation

The general solution of Legendre’s equation is

28.37. y=AU, (x)+BV (x)

where

n(n+l)x2+ n(n—2)(n+1)(n+3)x4_m
2! 4!
mn-Dn+2) ;, -Dn-3)n+2)(n+4) ;s
—_ X + X — .-
3! 5!
These series converge for -1 <x < 1.

28.38. U, (x)=1-

28.39. V (x)=x

Legendre Functions of the Second Kind

Ifn=0,1,2, ... one of the series 28.38, 28.39 terminates. In such cases,

28.40. P U,x0/I,10)  n=0,2,4,..
.40. (X)) = V. (x)/V,(1) n=13,5,...

where

28.41. Un(l):(—l)"”z"[@z} /n! n=0,2,4, ..
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2
28.42. Vn (H= (_1)("-1)/2 ol |:(n7_1) 'j| //ﬂ n=1,3,5,...

The nonterminating series in such a case with a suitable multiplicative constant is denoted by Q (x) and
is called Legendre’s function of the second kind of order n. We define

U0V,(x)  n=0,24,..

28.43. Q,, (x)= {_Vn (I)Un(x) n=13,5,...

Special Legendre Functions of the Second Kind

2844, 0,()=1In (”—")
2 U—-x

2845. Q,(x)= gln(r—x) -1

3x =1, (1+x) 3x
28.46. = Inf —|-—
G=——in (1 - x) 2

5x°=3x. (1+x) 5x* 2
28.47. == === 4=
Q1) ="7 n(l—x) 2 3

The functions Q (x) satisfy recurrence formulas exactly analogous to 28.20 through 28.24.
Using these, the general solution of Legendre’s equation can also be written as

28.48. y=APF,(x)+BQ,(x)

Legendre’s Associated Differential Equation

2
28.49. (1 —xz)y”—2xy'+{"(n+1)— lm 2}y= 0
— X

Solutions of this equation are called associated Legendre functions. We restrict ourselves to the important
case where m, n are nonnegative integers.

Associated Legendre Functions of the First Kind

dm _ (1_x2)m/2 dm+n

28.50. P"(x)=(1-x>)"*—P (x)= xr=1"
() =( ) e () > dxmﬂ( )

where P (x) are Legendre polynomials (page 164). We have
28.51.  P’(x)=P,(x)

2852, P'(x)=0 ifm>n
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Special Associated Legendre Functions of the First Kind

28.53. P'(x)=(1-x")" 28.56.
28.54.  P/(x)=3x(1-xH)"* 28.57.
28.55. P’(x)=3(1-x7) 28.58.

Generating Function for P"(x)

f)}l(x) _ %(sz —1)1 _x2)1/2
Pf(x) =15x(1-x%)

P33(x) — 15(1_x2)3/2

21— X" &
Gl =X ) S P

2" ml(1-2tx +1°)

28.59.

Recurrence Formulas

28.60. (n+1-m)P" (x)—2n+DxP"(x)+n+m)P" (x)=0

n+l

2(m+1)x P (x)+(n—m)(n+m+1)P"(x)=0

28.61. P —_—
n ( ) (l_x )1/2 n

Orthogonality of P"(x)

262 [ PP (0di=0  ifnzl

2 (n+m)!
2n+1(n—m)!

28.63. jll [P ()Y dx =

Orthogonal Series

28.64.  f(x)=A,Pr(x)+A, P (X)+A, P (x)+-

m+1" m+ m+2

where

Al G=m)lp
> ey OB O

28.65. A, =

Associated Legendre Functions of the Second Kind

28.66. Q"(x)=(1-x )’"’ijQ (x)

where Q (x) are Legendre functions of the second kind (page 166).

These functions are unbounded at x = £1, whereas P (x) are bounded at x ==+ 1.
The functions Q™ (x) satisfy the same recurrence relations as P" (x) (see 28.60 and 28.61).

General Solution of Legendre’s Associated Equation

28.67. y=AP"(x)+BQ"(x)



2 9 HERMITE POLYNOMIALS

Hermite’s Differential Equation

29.1. y'—-2xy"+2ny=0

Hermite Polynomials

Ifn=0,1,2, ..., then a solution of Hermite’s equation is the Hermite polynomial H (x) given by Rodrigue’s
formula.
n x> d” —x2
292. H,(x)=(D"e" —(e")
dx

Special Hermite Polynomials

29.3. H,(x)=1
294. H(x)=2x
29.5. H,(x)=4x"-2

29.6.  H,(x)=8x"—12x

Generating Function

29.7.

29.8.

29.9.

29.10.

H,(x)= 16x* —48x* +12
H,(x)= 32x° —160x° +120x
H,(x)=64x" —480x" +720x* —120

H,(x)=128x — 1344x° +3360x" — 1680x

H, (x)t"

n!

29.11. " = 2

Recurrence Formulas

29.12. H,, (x)=2xH, (x)-2nH,  (x)

29.13. H'(x)=2nH, (x)

Orthogonality of Hermite Polynomials

2904, | ¢ H,0H,x)dx=0  m#n

29.15. fi e {H,(x)Pdx=2"nlNT
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Orthogonal Series

HERMITE POLYNOMIALS

29.16.  f(x)= AH,(x)+ A H, (x)+ AH,(x)+--

where
1 =
VAT A= [ " e FeoH, (dx
Special Results
2018, H (r)=@xy = P00 gy 2O DE=D0=3) ) s

1! 2!

29.19. H (—x)=(-1)"H,(x)
29.20. H,, ,(0)=0

2921. H, (0)=(=1)"2"e1e3e5.-(2n—1)

— Hn+l (x) _ Hn+1 (0)
T2+l 2(n+1)

29.22. jo H (Hadt

29.23. i{e”‘zH,, (0)}=—e"H,, (x)
dx

29.24. J‘: e_tz Hn (t) dt = Hn—l (0) - e_xz Hn—l ('x)

2925. [ e H,(xn)dt=mn!P,(x)

29.26. Hn(x+y)=i#( ’]Z ]Hk(x\/i)H,,k(yx/?)

k=0

This is called the addition formula for Hermite polynomials.

29.27 Z HWH, ) _ H,.0H, ()~ H,()H,,(5)
o k=0 2 k! 2"“11!()6 -y)



3 0 LAGUERRE and ASSOCIATED LAGUERRE
POLYNOMIALS

Laguerre’s Differential Equation

30.1. xy"+(-x)y'+ny=0

Laguerre Polynomials

If n =0, 1, 2, ..., then a solution of Laguerre’s equation is the Laguerre polynomial L (x) given by
Rodrigues’ formula

n

d x
302. L, (x)=e'—(x"e™)
dx

Special Laguerre Polynomials

30.3. Ly(x)=1

304. L(x)=-x+1

305, L(x)=x"-4x+2

30.6. L(x)=—x"+9x"-18x+6

30.7. L,(x)=x"—16x"+72x> —96x + 24

30.8. L (x)=-x"+25x"—200x" +600x> —600x +120

30.9. L (x)=x°-36x"+450x"* —2400x’ +5400x” — 4320x + 720

30.10.  L,(x)=—x" +49x° —882x" +7350x" —29,400x° +52,920x> — 35,280x + 5040

Generating Function

) o Ln(x)t"
1- =2,

|
n=0 n:

30.11.
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172 LAGUERRE AND ASSOCIATED LAGUERRE POLYNOMIALS

Recurrence Formulas

30.12. L, ,(x)—-Qn+1-x)L (x)+n’L, (x)=0
30.13. L) (x)—nL,_ (x)+nL,_,(x)=0

30.14. xL/(x)=nL, (x)-n’L, (x)

Orthogonality of Laguerre Polynomials

30.15. [ e"L,(WL,x)dx=0  m#n

30.06. [ e L, ()Y dx=(n!)’

Orthogonal Series

3017, f(x)= ALy (x)+ AL (x)+ AL, (x)+--

where

me”‘f(x)Lk (x)dx

1
30.18. A, = WJO

Special Results

30.19. L (0)=n!

* L
3020. | 'L,(dr= L, (x)— Lea @
0 n+l
2 n-1 2 _1 )
30.21. Ln(x)=(—1)"{x"—n f‘ G 2‘) al _...(_1)nn!}

- 0 ifp<n
30.22. j xPe "L (x)dx = L
0 =D"(n}) ifp=n

30.23 Z L LK) _ LKL, (M-L,,,()L,()
o= W (1) (x =)

30.24. g;t ék' ;f) = ¢'J,(2Nxr)

3025. L (x)= j:u"e“Jo(z\/E Ydu
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Laguerre’s Associated Differential Equation

30.26. xy"+(m+1-x)y'+(n—m)y=0

Associated Laguerre Polynomials

Solutions of 30.26 for nonnegative integers m and n are given by the associated Laguerre polynomials

m

d
L
dx" (%)

where L (x) are Laguerre polynomials (see page 171).

30.27. L'(x)=

3028. I°(x)=L,(x)

30.29. L'(x)=0 itm>n

Special Associated Laguerre Polynomials

30.30. L'(x)=-1 30.35. L(x)=—6

3031 [L(x)=2x—4 30.36. [, (x)=4x" — 48x +144x - 96
3032, L2(x)=2 30.37.  L(x)=12x"—96x +144
30.33. Ll(x)=-3x>+18x—18 30.38. 3 (x)=24x-96

3034, [2(x)=—6x+18 30.39. Li(x)=24

Generating Function for L7 (x)

30.40 (=D"" o= i L(x) o
(1-" n!

n=m

Recurrence Formulas

- 1
3041, 0 o+ erm— 20— DL 0+ 0L, (x) =0
n

+ 1 n—1

d m m+
3042, (L0} =L (%)
dx

30.43. di (x"e L' (x)} = (m—n—1x""e " L' (x)
X

044 L {LW) = om0+ == DE
X
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Orthogonality

30.45. I:x’”e”‘Lf (OL(x)dx=0 p#n

(n!)’

n—m)!

3046. [ x"e (LM (x)) dx=
one (L) (%)} dx "

Orthogonal Series

3047. f()=AL'(x)+A, L' (x)+A L (x)+-

m+1

where

— | poo
3048. 4 =&~
(k) 7o

x"e L (x)f(x)dx

Special Results

3049. L'(x)=(-1"

n! wm nm—m) . nn-Dm-mn-m-1) ,_,. .,
a-mi° 10 7 21 AR
_ Qn-m+DnY’

© mtl —x m 2
30.50. [ e (L (o) dx = ey



3 1 CHEBYSHEV POLYNOMIALS

Chebyshev’s Differential Equation

3.1, A=x)'—-xy’+n’y=0 n=0,12,..

Chebyshev Polynomials of the First Kind

A solution of 31.1 is given by

2 4

31.2. T.(x)=cos(ncos” x)=x"—( " ]x""z(l—xz)+[ " jx""4(1—x2)2

Special Chebyshev Polynomials of The First Kind

31.3. T,(x)=1 31.7. T,(x)=8x"-8x*+1

314. T,(x)=x 31.8. T,(x)=16x"—20x"+5x

315, T,(x)=2x"-1 319, T,(x)=32x"—48x* +18x7 -1
316, T,(x)=4x"-3x 31.10.  T,(x)=64x" —112x° +56x° — 7x

Generating Function for T (x)

1-x -
1.11. —= ) T (xo)¢"
3 1-2tx+1° gg ()

Special Values

3112, T (—x)=(-1)"T,(x) 3L14. T, (-1)=(-1)

31.13. T,(H=1 3115, T, (0)=(-1)"

Recursion Formula for T,(x)

31.16.

T2n+1 0)=0

3117. T,.,,(x)=-2xT,(x)+7T,_,(x)=0
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Orthogonality

1 T,(0)7T, (x) (x)

J1-x*

{T(x)} V3 ifn=0

11— /2 ifn=1,2,...

31.18. j
31.19. j

Orthogonal Series

3120, f(0)=73AT,(0)+AT () +AL(x)+:

where
3121, A = Ej‘ SOLX
P e

Chebyshev Polynomials of The Second Kind

sin{(n+1)cos™ x}

31.22. U, (x)= - -
sin(cos™ x)

{1 a5 e

Special Chebyshev Polynomials of The Second Kind

31.23. U,(x)=1 31.27. U, (x)=16x"—12x"+1

3124, U,(x)=2x 31.28. U (x)=32x"—32x’ +6x

31.25. U,(x)=4x"-1 31.29. U, (x)=64x"—80x" +24x* —1
31.26. U, (x)=8x"—4x 31.30. U, (x)=128x" —192x" +80x’ —8x

Generating Function for U, (x)

1
———=YU,
331 T Z (1"

n=0

Special Values

3132 U (-x)=(-1)'U,(x) 313, U (-1)=(-1)"(n+1) 31.36. U, (0)=0

31.33. U,(D)=n+1 31.35. U,,(0)=(-1)"



CHEBYSHEV POLYNOMIALS

Recursion Formula for U, (x)

177

31.37. U, ,(x)=-2xU,(x)+U,_ (x)=0

Orthogonality

3138, [ 1-XU,(0U,)dx =0 m#n

3139, [ Vi Ww,0rar=3

Orthogonal Series

3140. f(x)=AU,(x)+AU,(x)+AU,(x)+---

where

341 A =2 [ VI=2 U, (o) d
T Y1

Relationships Between T (x) and U, (x)

3142. T,(x)=U,(x)—xU,_ (x)

3143, (1-x)U, (x)=xT,(x)=T,,,(x)

10 T (v)dv
344, U ()=—[ —e
s B e

1-02U
3145, T,n=—] i-vu,o

T~ X—vV

General Solution of Chebyshev’s Differential Equation

A+ Bsin™ x ifn=0

AT(x)+B\/1—x2U_1(x) ifn=1,2,3,...
31.46. y= " "



3 2 HYPERGEOMETRIC FUNCTIONS

Hypergeometric Differential Equation

321, x(1-x)y"+{c—(a+b+1)x}y —aby=0

Hypergeometric Functions

A solution of 32.1 is given by

a bx+a(a+1)b(b+1) 2_’_a(a+1)(a+2)b(b+l)(b+2)x3_‘___.

322. Fla,b:c;x)=1+— x
lec le2ec(c+1) le2e3ec(c+1)(c+2)

If a, b, c are real, then the series converges for —1 < x < 1 provided that ¢ — (a + b) > —1.

Special Cases

323. F(-p,Lil;—x)=(+x)" 32.8. F(L,1:3:x%) =(sin™ x)/x

324. F(1,1;2—x)=[n(1+x)]/x 329. F(,13;-x) = (tan™ x)/x
32.5. }lgm” F(,n;1;x/n)=¢e" 32.10. F(,p;p;x)=1/1-x)

32.6. F(4,—%;1;sin’ x)=cosx 3211. F(n+1,-mL;(1-x)/2)=P,(x)
32.7. F(4,1;1;sin” x) = secx 3212. F(n,—mi;(0—x)/2)=T,(x)

General Solution of The Hypergeometric Equation

If ¢, a — b, and ¢ — a — b are all nonintegers, then the general solution valid for | x| < 1 is

32.13. y=AF(a,b;c;x)+Bx'"“Fa—c+1,b—c+1;2-c¢; x)
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Miscellaneous Properties

_T'(@I'(c—a-b)
" T(c—a)(c-b)

32.14. F(a,bic,l)

32.15. iF(a,b;c;x)z %F(a+l,b+1;c+1;x)
dx c

) — I'(o) Vbt g Ne=b=li] _ . \-a
32.16. F(a,b,c,x)_r(b)r(c_b)jou A=u) """ (1= ux)“ du

32.17. F(a,b;c;x)=(1-x)"""F(c—a,c—b;c;x)



Section VllI: Laplace and Fourier Transforms

3 3 LAPLACE TRANSFORMS

Definition of the Laplace Transform of F(¢)

331, PF@)= j:e--“’F(r)dtz £(s)

In general f(s) will exist for s > o where ot is some constant. &£ is called the Laplace transform operator.

Definition of the Inverse Laplace Transform of f(s)

If {F(1)} =f(s), then we say that F(r) = £'{f (s)} is the inverse Laplace transform of f(s). £ is called the
inverse Laplace transform operator.

Complex Inversion Formula

The inverse Laplace transform of f(s) can be found directly by methods of complex variable theory. The
result is

32, F()=—— [ e pisyds = ! im [ e fs)ds
= D7Ti Y e-ieo Qi T Je-il

where ¢ is chosen so that all the singular points of f(s) lie to the left of the line Re{s} = ¢ in the complex s
plane.
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LAPLACE TRANSFORMS

Table of General Properties of Laplace Transforms

181

f(s) F(1)
33.3. afi(s)+bfy(s) akFy(t)+ bF,(1)
334. f(sla) aF(ar)
33.5. f(s—a) (1)
33.6. ef(s) U(t—a) = { Fe=a) 1>a
0 t<a
33.7. sf (s) = F(0) F'(t)
33.8. s*f(s)—sF(0)— F’(0) F”(1)
33.9. s"f(s)—s""'F(0)—=s"2F’(0)—---— F"™"(0) FO(f)
33.10. f() —tF ()
33.11. f7(s) PF(1)
33.12. F(s) (—=1)'t"F(z)
33.13. I [ Fwydu
5
33.14. @ [l Fanau = j;%nu)du
33.15. f(5)g(s) || PGt - uydu
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LAPLACE TRANSFORMS

f(s) F(1)
- F@®
33.16. j F(u)du t
33.17. L [M e Fuydu Fi)=F1+T)
1—e Y0
f(\/E) L < 4
33.18. e N jo e F(u)du
33.19. 1 f(lj [ g,@un) Fwydu
33.20. 1, f(lJ o [ U, 2 ut ) F(u)du
S S 0
3321 % [ 1@ Jut=w)Fu)du
33.22 [Ty du F()
22. 7=,
33.23. Jns) | - FW g,
slns O T(u+1)
P(s) v PO
33.24. 005) 20 ¢

P(s) = polynomial of degree less than n,

O@)=Gc-o)s-a)..(s-a)

where o, @,, ..., ¢ are all distinct.




LAPLACE TRANSFORMS

Table of Special Laplace Transforms

183

f(s) F(1)
1
33.25. N 1
1
33.26. 7 t
tn—l
33.27. L n=12.73,... , 0=
s" (n-1)!
1 [”_I
33.28. — n>0
s I'(n)
1
33.29. o
s—a
n—1_at
33.30. L a-123, Le o=
(s—a) (n=1)!
1 tnfleat
33.31. ~- n>0
(s—a) I'(n)
1332 1 sinat
" s +a? a
s
33.33. R cos at
1 e sinat
33.34. b td ,
s—b
33.35. Gobrid e” cosat
1 sinh at
33.36. —
s —a a
s
33.37. - coshat
1 e” sinhat
33.38. by —a? Y
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f(s) F(f)
s—b
33.39. —(s EySCI o coshat
1 ebt _ eat
33.40. — a#b
(s—a)s—b) h—a
S bebt _ aeat
33.41. — a#b
(s—a)s—b) bh—a
1 sinat — at cosat
33.42. T o
s tsinat
33.43. T -
2 .
33.44. % sinat + at cosat
(s"+a’) 2a
3
33.45. (szj-—az)z cosat — %at sinat
2 2
33.46. ﬁ tcosat
1 atcoshat —sinh at
33.47. —
(S2 — a2)2 2a3
s tsinhat
33.48. —_—
(SZ _ aZ)Z 2a
2 .
33.49. % sinhat + at cosh at
(s"—a’) 2a
3
33.50. 7 o s coshat +Latsinhat
2
33.51. = Sa2 o tcoshat
1 (3—a’t*)sinat — 3at cosat
33.52. T d) s
N tsinat — at® cosat
33.53. T d) ~
2 2,2 _
33.54. _ s — (I+a’t )sma; atcosat
(s +a)y Ra
3 . )
33.55. § 3tsinat + at” cosat

8a




LAPLACE TRANSFORMS

1

85

f(s) F@)
4 2,2 .
33.56. _ s — (3—a’t*)sinat + 5at cosat
(s"+a’) 8a
5 2,2 .
33.57. _ § — (8—a’t*)cosat — Tatsinat
(s +a”) 8
352 — & 2 sinat
33.58. ( j ‘2’ - sina
s +a’) 2a
s*=3a’s s
33.59. s’ +d°) 51" cosat
s* —6a’s* +a’
33.60. T L cosar
3 2 3 .
— ; t
33.61. b LA t’sina
(s"+a’) 24a
1 2,2 . _
33.62. s B+at )Sln};ai 3atcoshat
a
s at® coshat — tsinh at
33.63. o o
33.64 s atcoshat +(a’t> — 1)sinhat
| ' (SZ a2)3 8a3
3 . 2
33.65. . § — 3tsinhat + at” coshat
(s"—a”) 84
4 2.2 .
h h
33.66. . s — (3+ a’t*)sinhat + 5at cosh at
(s"—a”) 84
5 2.2 .
33.67. . $ — (8 +a’t*)coshat + 7atsinhat
(s°=a’) 8
35" +a’ #*sinhar
33.68. % sinha
(s"—a”) 20
3+3 2
33.69. —(SSZ . ;; L7 coshat
4 6l +a
33.70. > (sz" 22 = L4 coshat
t+a £’ sinhar
33.71. % sinha
(s"—a’) 244
1 at/2 ) 3 t 3 t
33.72. e ; - {\/gsm \/;a — oS \/;a +63m/2}
s> +a a
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f(s) F()
s e J3at . PBat
73, COS—— + /3 sin —— — ¢ /2
3373 s +ad 3a { 2 B3 2 ¢
2 1
33.74. s —e™ + 2" cos@
s +d’ 3 2
1 e un J3at . Bat
J75. ——<e’"" —cos —+/3sin
3375 s-a 3a’ {e 2 B 2
—at/2
s e . ~at NEY N
.76. J3sin —Cos +e™
33 6 s3 — a3 3a { 2 2
2
33.77. s 1 e +2¢ "% cos J3at
s —a 3 2
33.78. 2 ! Z % (sinat cosh at — cos at sinh at)
s"+4a da
3379, i s i sinat 512nh at
s"+4a 2a
2
33.80. 2 il Z 1 (sinat cosh at + cos at sinh at)
s"+4a 2a
3
33.81. n u " cosat coshat
s"+4a
33.82. K i 3 2L613(sinh at —sinat)
33.83. K j = 2—;2 (coshat — cosat)
52 1
33.84. —(sinhar + sinat
R 2a(sm at +sinat)
3
33.85. - 5 - 1(coshat + cosat)
s'—a
1 e—bt _e—at
33.86. — —_—
Js+a++s+b Q(b_a)J;[ﬁ
1 erf<Jat
33.87.
sVs+a Ja
1 at
33.88. — eertJat
Js(s—a) Ja
1 1 2
89, - ) —— —pe"erfe(bt
33.89 N e{\/E eec(\/_)}
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1(s) F{(1)
1
33.90. Sy J,(at)
1
33.91. — Iy (at)
s‘—a
2 2 n
33.92. Nsta - a'J (at)
Vst +a®
2 2\n
33.93. -Vs' —a)" n>-1 a'l (at)
Vst —a
eb(sf\ 52+a2)
33.94. ﬁ JO (a\[t(t + Zb))
s*+a
—b\s>+a? 2 2
33.95. Jo(aNt"=b") t>b
s*+a 0 t<b
1 tJ, (at)
33.96. L
(s2 + a2)3/2 a
s
33.97. & ra )" tJ,(at)
2
s
33.98. (S2 i az)s/z ‘]0 (at)— atl, (at)
1 i (at
33.99. o %
S
33.100. )" tl,(at)
2
33.101. = saz)m I,(at)+ail,(at)
1 e
33.102. s’ =1 s(l—e™) F)=nn=t<n+1,n=0,1,2,...
See also entry 33.165.
[1]
1 - = k
33.103. . (16 = F@ ;r
e s e where [f] = greatest integer = ¢
e—-1  1-e
33.104. s —r) s(l—re™) F(t)=r"n=t<n+1,n=0,1,2,...
See also entry 33.167.
—als
33.105. ¢ cos2Vat
Js Jnt
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S(s) F()
—als 1
33.106. e sin 2/at
S3/2 ln-a
—als ¢t n/2
33.107. — n>-1 (;} J, (2 at)
S
—av/s —a® /4t
33.108. ¢ e
Js Jrt
a —a¥ /41
33.109. —as e
¢ NV
N
33.110. 1-e erf(a/21)
S
—ad
33.111. ¢ erfc(al2+r)
N
33.112. _et " erfc (bJE + i)
Js(Js +b) 2t
e_a/ﬁ 1 “ n —utlda*t
33.113. o n>-1 Wjo u'e J,,(2u)du
33.114. In (s Al “j e e
s+b t
2 2 2
33.115. In[(s” +a")/a’] Ci(ar)
28
1 +a)l
33.116. Infls + a)/a] Ei(ar)
S
_(y+Ins)
33.117. s Int
Y = Euler’s constant = .5772156 ...
st +a 2(cosat — cos bt)
.118. o e
33.118 In (sz e p
7, (y+Insy
33.119. 65 s In?¢
y = Euler’s constant = .5772156 ...
1 —(Int+
33.120. = (nr+7)
§ v = Euler’s constant = .5772156 ...
13121 In’s (nt+y)’ —irm?
S

Y = Euler’s constant = .5772156 ...
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f(s) F(1)
33.122. Fr+h)=Tin+ Dins £ Int
s
33.123. tan” (a/s) S“;‘”
-1
33.124. tan_(afs) Si(ar)
s
ea/.v e—z\/ﬁ
33.125. erfc(yJals
75 e N
33.126. ¢ exfe(s/2a) 24 g
Jr
s2/14a>
33.127. ¢ " erfc(si2a) erf(ar)
s
e“erfcas 1
33.128. e —
Js Jr(t+a)
o 1
33.129. e“Ei(as)
t+a
1 T . . 1
33.130. —|cosasi—— Si(as);—sinas Ci(as) —
a 2 t"+a
. T . . t
33.131. sinas {— - Sz(as)} +cosas Ci(as) —
2 t"+a
" _ Si(as){ - sinas Ci(as)
33,132, cosas 5 i(as as Ci(as tan” (t/a)
s
sinas{™ — Si(as); — cosas Ci(as) 1 (f+a°
33.133. 2 —ln[ 2 j
2 a
s
r ’ 1. (£+a
33.134. [— - Si (as)} +Ci*(as) ~In
2 P )
33.135. 0 N(?) = null function
33.136. 1 d (1) = delta function
33.137. e ™ 6(t—a)
e*ﬂS
33.138. P WUt —a)

See also entry 33.163.
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1) F(1)
inh - 1w
33.139. S X230 O G IEX s L
ssinhsa a mwio n a a
inh . v B i
33.140. = R SRS C b2 SOl
scoshsa mia2n—1 2a 2a
h o 1\
33.141. = Lp2y OO (o Y G 21
ssinhas a mwyo n a a
cosh = (=1)" - -
33.142. o 1+ iz ), cos (2n — Dzx cos (2n = Dzt
scoshsa wio2n—1 2a 2a
33.143. _sinhsy oy 2y CU G 0x g, 1t
s~ sinh sa a w5 a a
33.144. 2smh SX Sa Z D" (2n 1)77:x (2n — Dt
s~ cosh sa 1 (2n— 1) 2a 2a
2
33.145. 7(2:0.Sh Sl ! + S & 1) S_mtx (1 —cos n_mj
s~ sinh sa 2a n’ n’ a a
33.146. fosh sx 8a 2 (G2)) cos 2n-1Drx sin Q2n-Dnt
s~ cosh sa 2n 2a 2a
1 16a°> & (=1)" 2n—1 2n—1)mt
33.147. _coshsy Levwogy- 100y D GroDax G- Dr
s’ cosh sa 2 S 2n-1) 2a 2a
sinh x+/s 2 tld? mtx
33.148. — (=D"n B
sinha+/s ;
coshx/s TN n-1 —@n-121*t/4d> (2n-1Nmx
33.149. —_— — D) (D) (2n-1)e cos———
cosha+/s a’ ; 2a
sinh x/s AN nel —n-triaa . (2n=Dmx
33.150. _— > (=D)"e sin————
Js coshav/s a Z‘ 2a
cosh x+/s 0 —nrtld nwx
33.151. —_ —+ =D"e —_—
s sinha/s nzf
sinh )C\/E ( 1) —n 222t 1a? X
33.152. —_— - +
ssinha~/s nzf a
33.153. coshx/s z =" oA (2n—-Dmx
scoshav/s o 2n— 1 2a
sinhx+/s xt 20" & (- 1) o) nmwx
33.154.  E— — sin——
s*sinha+/s nz,‘ )
cosh x+/s 1, 16a° & (1" _pipatiae . 2n—Dmx
33.155. _— —(x"—a ) +t- e cos—————
s* cosha~/s 2( ) 2, 2n-1)’ 2a
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S(s) F(?)
o —Altld®
33.156 Jy(ixfs) 123 ¢ htxla)
156. s, () — 2,0, (4,)
where A, A,,... are the positive roots of J(A) =0
o —AMld®
157 J,(ix/5) L —atyrrv2a2y & Johuxla)
. . SZJO(ia\/E) 4 n=1 l)ljl(l)l)
where A, ... are the positive roots of J (A) = 0
Triangular wave function
F(t)
1 as 1
33.158. —tanh (—j
as® 2
0 2a 4a 6a ¢
Fig. 33-1
Square wave function
F(t)
1 as 19 ] ! ! | ]
33.159. —tanh| — ! i | ! !
s 2 la iza :aa :4« :5&
-1 | —— —— —
Fig. 332
Rectified sine wave function
F(t)
33.160 29 coth (ﬂj !
B a’s*+ 2
0 a 2a 3a t
Fig. 33-3
Half-rectified sine wave function
F(t)
33.161 a !
B (@s*+r*)(1l—e™) m /
a 2a 3a 4a ¢
Fig. 33-4
Sawtooth wave function
1 —das
33.162. — ¢

as®  s(1—e™)

F(t)
V// -

Fig. 335
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S(s) F(t)
Heaviside’s unit function U(7 — a)
s F(t)
e” ‘-
33.163. s |
|
See also entry 33.138. 0 ¢I:
Fig. 33-6
Pulse function
F(t)
—as 1 _ ,"€s 1 ——
33.164. erdze) ; !
N ! :
1
0 a ate
Fig. 33-7
Step function
F(t) |
1 3+ p—
]
33.165. s e N I
See also entry 33.102. 0 . . - .
a 2a 3a 4a
Fig. 33-8
Foy=n’n=t<n+1,n=0,1,2,...
F(t) |
4 i
et +e™ 3 |
33.166. S 2 |
S( —e€ ) 1 ,-——-———l
]
0 1 2 3
Fig. 33-9
Foy=r,n=t<n+1,n=0,1,2, ...
F(t) \
1— e—s r - r——J
RN !
33.167. s(1—re™”) N |
See also entry 33.104. 0 :
1 2 3
Fig. 33-10
F sin(rwt/a) 0=t=a
)=
® 0 t>a
1+e™® F
33.168. rall+e™) “
as +rw 1
0 a

Fig. 33-11




3 4 FOURIER TRANSFORMS

Fourier’s Integral Theorem

341 f(x)= j:{A(a)cos ox + B()sin ax}do

where

A(a):lj” f(x)cosoxdx
I

34.2. .
B(o)=— j F(x)sinax dx
g

Sufficient conditions under which this theorem holds are:

(1) f(x) and f’(x) are piecewise continuous in every finite interval —L < x < L;
(i) f_ | f(x)ldx converges;
(iii) f(x)is replaced by 3{f(x+0)+ f(x—0)} if x is a point of discontinuity.

Equivalent Forms of Fourier’s Integral Theorem

1 re -
343, fo=[_ [ fecosat-wdude

s fx)= %Jie"“"doxﬁo Fwe " du
- EI: | rae = dudor
45 fo=2 j: sinaxdo j: f(u)sinowdu
T
where f(x) is an odd function [ f(~x) = —f(x)].

2 e -
34.6. f(x)=;J0 cosaxda | f(u)cosoudu

where f(x) is an even function [ f(—x) = f (x)].
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Fourier Transforms

FOURIER TRANSFORMS

The Fourier transform of f(x) is defined as
347, FFOY=Fly=] fe ™ dx
Then from 34.7 the inverse Fourier transform of F(¢) is

gl — _L - iotx
8. FUF@) =)= Flaedo

We call f(x) and F(¢) Fourier transform pairs.

Convolution Theorem for Fourier Transforms

If F(@) = F{f(x)} and G(ex) = F{g(x)}, then
349. — | F@G@e™da=|" fugtx-uydu=fg
2 J— o

where f“g is called the convolution of f and g. Thus,
34.10. F{fg}=F{f} Flg}

Parseval’s Identity

If F(0) = F{f(x)}, then
“ 2. _ L “ 2
AL [ 1 fPde=——[ 1F()Fda
More generally if F(o) = F{f(x)} and G() = F{g(x)}, then

- _ 1 ee _
a2 [ f@smdi= [ F@)Gle)d
] o)

where the bar denotes complex conjugate.

Fourier Sine Transforms

The Fourier sine transform of f(x) is defined as
13, F(@)=F {f(0)= [ f@)sinaxds
Then from 34.13 the inverse Fourier sine transform of F (&) is

34.14. f)=FF,(a)}= %j: F,(a)sinaxda



FOURIER TRANSFORMS

Fourier Cosine Transforms

195

The Fourier cosine transform of f(x) is defined as
34.15. F.()=F {f(x)}= j: F(x)cosax dx
Then from 34.15 the inverse Fourier cosine transform of F (a) is

2 e
34.16. S =F {F.()}= ;J.O F.(ox)cosoxdo

Special Fourier Transform Pairs

fx) F(o)
1 Ixl<b 2sinbo
34.17. 0 lxlsh _
1 n.e—ba
34.18. e ;
34.19 al - b
19. e ime
34.20. F(x) i"o"F(o)
d"F
34.21. x"f(x) i"—
do
34.22 Flbx)e™ lF(—“ ~! )
. . X)e b b
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Special Fourier Sine Transforms

FOURIER TRANSFORMS

fx) F ()
3423, 1 O0<x<b 1-cosbho
0 x>b o
34.24. Xl T
2
X T
34. . »~ ba
25 x>+ b 2 ¢
o
34.26. —bx —
¢ o’ + b*
: -1
3427, - 1 I'(n) s1112(n ta? /le b)
(o +b°)"
34.28. xe ™ 4}/52 e
34.29. X2 .
20
! 12
34.30. P mo cse(nmlD) o oo
2T(n)
sin bx 1 o+b
34.31. —In
X 2 (OC — b)
sin bx /2 o<b
4.32.
34.3 x?2 { whl2 o>b
cosbx 0 a<b
34.33. T /4 a=b
/2 o>b
ﬂ —bo
34.34. tan”'(x / b) 25 ’
T o
34.35. b —tanh—
CSC bx b 2
1
34.36. o 2 coth (ﬂj L
e’ —1 4 2 20
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Special Fourier Cosine Transforms
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S F.(o)
inbo
34.37. I 0<x<h o
0 x>b o
1 n_e—hoc
4.38. -
34.38 1 2
—bx b
34.39. e m
I'(n)cos(ntan™ a/b)
34.40. et
e ( o+ b2)n/2
by 1| o
34.41. e —.[—e
2\b
4.42. 12 Z
3 * 20
n—1 /2
34.43. X mo seenmld) o <y
2T (n)
2 + b2 —co _ —ba
34.44. In (xz . ¢ ~¢
X +c o
. w2 a<b
sinbx
34.45. P 4 o=b
0 oa>b
I o’ o?
34.46. i 2 —| cos— —sin—
sinbx \'8b [ 4b "4
T o’ o’
34.47. 2 — | cos— +sin—
cosbx \'8b ( 4b 4bj
34.48 hb T sech®®
K . Ns® X 2b 2b
3449 cosh (V7 x/2) \/E cosh (Vroe/2)
e cosh (V7 x) 2 cosh(vmor)
eibﬁ T
34.50. [ {cos (2bJar) — sin(2bJar))
Jx 200




Section IX: Elliptic and Miscellaneous Special Functions

3 5 ELLIPTIC FUNCTIONS

Incomplete Elliptic Integral of the First Kind

dv

[ x
Jd. :F k, — —
B u=Flp=, J1-&sin’ J Ja—vA)(1-k*v?)

where ¢ = am u is called the amplitude of u and x = sin ¢, and where here and below 0 < k < 1.

Complete Elliptic Integral of the First Kind

de dv
K =F(k,zt/2
35.2. (koml2)= I Ji- kzsm 0 '[\/(1 v))(1- k%)

? g 1+3.
- 1+(1) K+ L3y k|13 5) K4
2] "2 2.4 2.446

Incomplete Elliptic Integral of the Second Kind

353. E(k¢)= j,/ 24in’ 6 dO = j 1= k2 i-kw?

Complete Elliptic Integral of the Second Kind

354. E=Ek,m/2)= j P 1—Ksin*0do = jl 1= k2”2

—El(ljzkz 1.3 k“ 1:3.5 k6
2] 2 2.4) 3 (2.4.6) 5

Incomplete Elliptic Integral of the Third Kind

de _ _[X dv
A+nsin’ ON1-k>sin’ 0 *° (1+nv* )1 —v>)(1—k*v?)

35.5. T(k,n,¢)= j:
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Complete Elliptic Integral of the Third Kind

356, Nknai2)=[" dé -[ dv
- T O (A+nsin®OV1-k*sin®0 70 (1+nv*)J(1-v)1—k*v?)

Landen’s Transformation

sin2¢, . .
35.7. tanp=——"— ksing =sin (29, —
o K +00s20, or ¢ (26, -9)
This yields
9 do 2 o do
35.8. F(k.9)= = L
J JI-&sin’ 6 1+kj° J1— k2 sin’ 6,

where k, = 2+/k /(1+ k). By successive applications, sequences k,,k,,k;,, ... and @, ,, @5, ... are obtained such
that k <k, <k, <k; <---<1 where limk, =1. It follows that

n—eo

359, Fk@)= [kt 0 =,/k1"2k3"'1man(£+9)
k o J1—sin?6 k 4 2

where

2. [k
_ 2k k _ 2k and ®lim ¢,

0. k= , =
BA0- k= 2 l+k n—>ee

The result is used in the approximate evaluation of F(k, ¢).

Jacobi’s Elliptic Functions

From 35.1 we define the following elliptic functions:
35.11. x=sin(amu)=snu

35.12. +1-x*=cos(amu)=cnu

35.13. J1-k = \I-k*sn’u=dnu

We can also define the inverse functions sn™' x, cn™'x, dn™'x and the following:

1 snu cnu

35.14. nsu=—— 35.17. SsCu=—— 35.20. csu=——o
snu cnu snu

1 snu dnu

35.15. ncu=——- 3518, sdu=— 35.21. deu=——o
cnu dnu cnu

1 cnu dnu

35.16. ndu=—— 35.19. cdu=——o 35.22. dsu=——-
nu dnu dnu

Addition Formulas

snu cnvdnv+cnu snv dnu
35.23. sn(u+v)=

1—k*sn*usn’v
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cnucnv—snusnv dnudnv

24, cen(u+v)=
3 ( ) 1—-k*sn’u sn’v

dnu dnv—k?sn usnv cnucnv

3525 dn(utv)= 1—k*sn’u sn’v

Derivatives

d d 5
35.26. —snu=cnudnu 35.28. —dnu=-k’snucnu

du du

d d
3527. ——cnu=-snudnu 35.29. —scu=dcuncu

du du
Series Expansions

3 5 7

3530. snu=u—(1+ kh% +(1+ 14Kk + k“)% —(1+135k> +135k* + k(’)% oo

2 4 6

3531 cnu=1— o+ (1+4k7) 2 — (1+44k> +16k) 2 4.
21 41 6!

2 4 6
3532, dnu= 1—k2%+k2(4+k2)%—k2(16+44k2 +k4)%+---

Catalan’s Constant

1 ¢t 11 pri2 dO0dk 1 1 1
35.33. EJOK‘”‘TL:O Hmzl—z—?Jrs—z—---:.915965594...
Periods of Elliptic Functions
Let
72 do w2 do , 2
3534, K=| ———, K= ——— where k' =+/1-k
jo J1-k*sin* @ JO N1-k"sin* @
Then

35.35. snu has periods 4K and 2iK’

35.36. cnu has periods 4K and 2K + 2iK’

35.37. dnu has periods 2K and 4iK’
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Identities Involving Elliptic Functions

» _dn2u+cn2u

35.38. sn'u+cn'u=1 3542, cnlu=
14+ dn2u
_ k2 2
35.39. dn’u+k’sn’u=1 3543. dn’u= 1-k"+dn2u+k“cnu
1+dn2u
3540, dnlu—Kenlu=k"? where k' =\1-k* 3544, |i—Cn2u _snudnu
1+cn2u cnu

3541. sn’u= 1-cn2u 35.45. 1—dn2u _ ksnucnu
1+dn 2u l+dn2u  dnu

Special Values

35.46. sn0=0 3547. cn0=1 3548. dn0=1 35.49. sc0=0 35.50. am0=0

Integrals

35.51. J.snudu=%ln(dnu—k cn u)
|
35.52. J.cn udu= ;cos (dn u)

35.53. jdn u du = sin”' (sn u)

1
35.54. JSC udu= ﬁln(dc u++1-k*nc u)

35.55. jcs u du=In(ns u—ds u)
1
35.56. jcd wdu=—-In(nd u+k sd u)

35.57. Idc udu =In(nc u+sc u)

_ - sin”' (k cd u)

35.58. sdu du=——
’[ kN1—k

35.59. jds udu=1n(ns u—cs u)

35.60. jns u du=1In(ds u—cs u)

35.61. jnc u du=

! ln(dc u+sc7uj
NI NI

! cos™'(cd u)
NI

35.62. jnd u du=
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Legendre’s Relation

ELLIPTIC FUNCTIONS

35.63. EK'+E'K—-KK' =m/2

where

35.64. E= j:”\h “Ksin’0.de
35.65. E'= j:”\/l —ksin’0d6

L do
K,ZJ‘H/Z deo
o J1-k"7sin’0



3 MISCELLANEOUS and RIEMANN
ZETA FUNCTIONS

Error Function erf(x) = %J': e du
T

2 x x° x’
36.1. erff(x)=—4%|x— + - +--
erf (x) JE[X 3ell 5020 7431 )

e 1 1e3 16345
36.2. erf(x)~1- =~ ..
(x) \/Ex[ 252 (2x2)2 (2x2)3 j

36.3. erf(—x)=—erf (x), erf(0)=0,  erf(so)=1

Complementary Error Function erfc(x) =1 - erf(x) = ~ du

2 o
ﬁfxe

2 x° x° x’
364. erfc(x)=1——|x— + - 4oen
) \/71:( 3ell 5421 743!

e 1 143 1e3.5
36.5. erfc(x)~ - - ...
(x) \/Ex ( 252 (2x2)2 (2x2)3 J

36.6. erfc(0)=1, erfc(e0) =0

Exponential Integral Ei(x) = re du
xu
36.7. Ei(x)=—y—Inx+ j:l_e du

u

X X

2 3
36.8. Ei(x)z—y—lnx+( al ]

— + J—
Ie1! 22! 3.3!

- | | |
369. Ei(x)-~S (1_L+£_i+...)

X X )C2 x3

36.10. Ei(e)=0

Sine Integral Si(x) = jo sinv
u

3 5 7

3611, Siy=— -+ . * _* ..
1+1! 331 551 77!

1 | | ! !
36.12. Si(x)~g_w(l_i+i_..)_%(1_%+%_...)
X

3 5
X X X X

36.13.  Si(—x)=-Si(x), Si(0)=0, Si(e0)=7/2
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i ~ COSU
Cosine Integral Ci(x) =J du
36.14. Ci(x)=—y—Inx+ .[(j 1—cosu du
u
2 x4 _x6 xs

36.15. Ci(x)=—y—Inx+——-n- I
2421 4441 6+6! 88!

| | i ! |
36.16. Ci(x)~ﬂ(l—i+i—---)—%(l—%+4—;—m)
x \x

36.17. Ci(e0)=0

Fresnel Sine Integral s(x) = \/% J': sinu® du

2( x° x’ x' X
s _ |~ _ + _ N
36.18. S() \/n[3.1! 7431 11-51 15+71 J
11 b (1 103 1634547 ) .2(1 1-3-5 )
36.19. S(x)~=-— cosx”)| —— + B RS P i
a1 e R EE

36.20. S(—x)=-S(x), $(0)=0, S(e0) = %

Fresnel Cosine Integral Cc(x) = \/g j:cosuz du
V3

621 C= 2[E- X, 2 X
Al Z\1 5420 9441 13.6!
11 | 1e3 143547 | 1e3.5
3622, C(x)~—+ sinx?)| ———> 4222201 (cos 2(———+---)
@~ Jz::{( X)(x 75 2y ) Cos) S F ™

36.23. C(—x)=-C(x), C0)=0, C(e0) = %

Riemann Zeta Function {(x) = 1 + 1 + 1 + e
s -
x—1
3624, (x)=——["“ —du, x>1
I'(x)70 e"

36.25. ((1-x)=2""m"T(x)cos(mx/2){(x) (extension to other values)

2k-1 .2k
3626. (k=2 T Biro123,.,
2k)!



Section X: Inequalities and Infinite Products

3 7 INEQUALITIES

Triangle Inequality

— = <
37.1. lal-lag,l| =la, +a,l =lal+la,|

37.2. la,+a,+-+a,l=lal+la,l++la,l

Cauchy-Schwarz Inequality

37.3. (ab +ab,+--+ab)=(al +a;+-+a’ )b} +b; +---+b.)

The equality holds if, and only if, a,/b, = a,/b, =---=a,/b,.

Inequalities Involving Arithmetic, Geometric, and Harmonic Means

If A, G, and H are the arithmetic, geometric, and harmonic means of the positive numbers a,a,

374. H=G=A

where

375, A= ytat-ta,
n

37.6. G=y/aa,...aq,

37.7. i=l[i+i++Lj

H n\a aq, a

n

The equality holds if, and only if, @, =a, =---=a,.

n

Holder’s Inequality

v @ then

378. lab, +a,b, +--+ab |=(al"+la,1”+--+la,1")" (b, "+ b, 1" +---+1b, 19"

where

37.9. l+l=1 p>1lg>1
P 9

The equality holds if, and only if, la,1”"'/Ib, | =1a, 1" /lb,1 = --- = la, """ /1b, | . For p = g = 2 it reduces to 37.3.
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Chebyshev’s Inequality

If a,Za,=---=Za,and b, =b,=---=b,, then

37.10. (al"'“z+"'+anj(b1+bz+"‘+bn)§ a, b, +ab, +---+a,b,

n n n

or

37.11. (@ +a,+--+a)b+b,+---+b)=n(a b +a,b,+--+a,b,)

Minkowski’s Inequality

Ifa,a,..a,b,b,... b areallpositive and p > 1, then

37.12. {(a,+b) +(a,+b,) +-+(a,+b )} =(a’ +al +---+a’)" + (B +b) +---+b")"

The equality holds if, and only if, a,/b, = a,/b, =---=a,/b,.

Cauchy-Schwarz Inequality for Integrals

37.13. Uh £0x) g(x)dx]z = { L”[ FOOP dx} {L”[ e dx}

The equality holds if, and only if, f(x)/g(x) is a constant.

Holder’s Inequality for Integrals

37.14. j”| F0g()ldx = {jbl f(x)l”dx}up {jb|g(x)|q a’x}uq

a

where 1/p + 1/g=1,p>1,q>1.1f p = g =2, this reduces to 37.13.

The equality holds if, and only if, | f(x)I”"'/Ig(x)! is a constant.

Minkowski’s Inequality for Integrals

Itp>1,
b p
+{j lg(x)I” dx}

a

37.15. {j"| £+ gl dx}vp = {j"| F dx}yp

a

The equality holds if, and only if, f(x)/g(x) is a constant.



3 8 INFINITE PRODUCTS

2 )C2 x2
38.1. sinx=x|1-=1/1- 1—=2—1...
sin x x( xzj( 47[2)( nzj
2 2 2
38.2. cosx= _4x2 1—4)62 1- 4x2
T o 251

2
38.3. sinhx=x [1 + —)

2 2 2
38.4. coshx= 1+4i2 1+i2 1+ 4x2
T or 251

38.5. % = xe™ {(1 + 9 ex}{(1 + g) e-x/z} {(1 + %)e—x/s}. .

See also 25.11.

x2 x2 x2
38.6. J =|l-—|ll-—1|1——---
o ( ﬂfj( z)( A:J

where A, A,, 4,,... are the positive roots of J (x) = 0.

.XZ x2 X2
38.7. Jl(x):x(l_),_fj(l_l_;](l_l_ﬁ

where 4, A,, 4,,... are the positive roots of J,(x) = 0.

38.8. %:cosicosfcosicosim
X 2 4 8 16
5o, T_2.2,44.66
2 133557

This is called Wallis’ product.
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Section Xl: Probability and Statistics

3 9 DESCRIPTIVE STATISTICS

The numerical data x , x,,... will either come from a random sample of a larger population or from the larger
population itself. We distinguish these two cases using different notation as follows:

n = number of items in a sample,
N = number of items in the population,

X = (read: x-bar) = sample mean, M (read: mu) = population mean,
s* = sample variance, 0?2 = population variance,
s = sample standard deviation, o = population standard deviation

Note that Greek letters are used with the population and are called parameters, whereas Latin letters are
used with the samples and are called statistics. First we give formulas for the data coming from a sample.
This is followed by formulas for the population.

Grouped Data

Frequently, the sample data are collected into groups (grouped data). A group refers to a set of numbers
all with the same value x,, or a set (class) of numbers in a given interval with class value x.. In such a case, we
assume there are k groups with f; denoting the number of elements in the group with value or class value x,.

Thus, the total number of data items is

39.1. n=)f

As usual, X will denote a summation over all the values of the index, unless otherwise specified.
Accordingly, some of the formulas will be designated as (a) or as (b), where (a) indicates ungrouped data
and (b) indicates grouped data.

Measures of Central Tendency

Mean (Arithmetic Mean)

The arithmetic mean or simply mean of a sample x,, x,,..., x , frequently called the “average value,” is the
sum of the values divided by the number of values. That is:

X hXy et x, Zx;

39.2(a). Sample mean: y=21 "2 0 e T
n n

S fy.
39.2(b). Sample mean: X = NX% H S ot Sk = X,

fithtt Xf;

Median

Suppose that the data x,, x,,..., x, are now sorted in increasing order. The median of the data, denoted by

M or Median

is defined to be the “middle value.” That is:

208
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X when 7 is odd and n = 2k +1,
39.3(a). Median=qx +x,,,
2

when n is even and n = 2k.

The median of grouped data is obtained by first finding the cumulative frequency function F'. Specifically,
we define

that is, F' is the sum of the frequencies up to f.. Then:

X whenn=2k+1(odd)and F; <k+1<F,,,

Jj+

39.3(b.1). Median= X+,
2

when n =2k (even), and F;, = k.

Finding the median of data arranged in classes is more complicated. First one finds the median class m,
the class with the median value, and then one linearly interpolates in the class using the formula

12)— F
393(b.2). Median=1_+c 72" F

m

where L, denotes the lower class boundary of the median class and ¢ denotes its class width (length of the
class interval).

Mode

The mode is the value or values which occur most often. Namely:

39.4. Mode x = numerical value that occurs the most number of times

The mode is not defined if every x occurs the same number of times, and when the mode is defined it
may not be unique.

Weighted and grand means

Suppose that each x; is assigned a weight w, > 0. Then:

. T wx,
39.5. Weighted Mean ¥, = T WaXa Tt Wity 2 Wik,

wo+w, +tw, Zw,

Note that 39.2(b.1) is a special case of 39.4 where the weight w, of x, is its frequency.

Suppose that there are k sample sets and that each sample set has n, elements and a mean x. Then the
grand mean, denoted by X, is the “mean of the means” where each mean is weighted by the number of ele-
ments in its sample. Specifically:

= X ANX,+o+nX,  XnX,
39.6. Grand Mean X = =
n+n,+--+n, Zn

Geometric and Harmonic Means

The geometric mean (G.M.) and harmonic mean (H.M.) are defined as follows:

39.7(a). G.M.=xx,x,
39.7(b). G.M.=4/x/x} - x]
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n . n
Vx, +1x,+---+1x, Z/x,)

39.8(a). HM.=

n n

39.8(b). HM.= =
filx, + fHolx, ++ filx,  Z(f./x;)

Relation Between Arithmetic, Geometric, and Harmonic Means

399. HM.<GM.<Xx
The equality sign holds only when all the sample values are equal.

Midrange

The midrange is the average of the smallest value x, and the largest value x . That is:

X, +Xx,

39.10. midrange: mid = 5

Population Mean

The formula for the population mean u follows:

+x, 4+ Tx,
39.11(a). Population mean: = % = %

s fx
39.11(b). Population mean: U= gt fo%p 4ot fixy | 2%
Sttt Xf,

(Recall that N denotes the number of elements in a population.)

Observe that the formula for the population mean u is the same as the formula for the sample mean x.
On the other hand, the formula for the population standard deviation ¢ is not the same as the formula for the
sample standard deviation s. (This is the main reason we give separate formulas for ¢ and x.)

Measures of Dispersion

Sample Variance and Standard Deviation

Here the sample set has n elements with mean Xx.

, X(x,—X)  Zx}—-(Zx)’In

39.12(a). Sample variance: s

n—1 n—1

x.—%x) IfxP-CFfx)Ef
39.12(b). Sample variance: s2=2f‘(x’ x) = Sixi — (2 /%) 12,

-1 ZfH-1

39.13. Sample standard deviation: s =+/Variance = \/s72

EXAMPLE 39.1: Consider the following frequency distribution:

x.|1 2 3 4 5 6

Thenn=Xf =45 and X f x, = 126. Hence, by 39.2(b),

Xx.f,
Mean fzﬂzg
Xf, 45

=238
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Also, n — 1 =44 and X fx7 =430. Hence, by 39.12(b) and 39.13,

oo 430 —(126)*/45
44

=~1.75 and s=1.32
We find the median M, first finding the cumulative frequencies:
F=8  F=22, FE=29, F,=41, F. =44, F,=45=n

Here 7 is odd, and (n + 1)/2 = 23. Hence,
Median M = 23rd value =3

The value 2 occurs most often, hence
Mode =2

M.D. and R.M.S.

Here M.D. stands for mean deviation and R.M.S. stands for root mean square. As previously, X is the
mean of the data and, for grouped data, n =X f.

39.14(a). MD.= 1\ X, — x| 39.14(b). M.D.= lIfix,- -
n n

39.15(a). RM.S.= /l(zx,?) 39.15(b). R.M.S.= /1(2 £x2)
n n

Measures of Position (Quartiles and Percentiles)

Now we assume that the data x, x,,..., x are arranged in increasing order.

39.16. Sample range: x —x,.

There are three quartiles: the first or lower quartile, denoted by Q, or Q, ; the second quartile or median,
denoted by Q, or M; and the third or upper quartile, denoted by Q, or Q. These quartiles (which essentially
divide the data into “quarters”) are defined as follows, where “half” means n/2 when n is even and (n-1)/2
when 7 is odd:

39.17.  Q,(= Q,) = median of the first half of the values.
M (= Q, ) = median of the values.
0, (= Q,) = median of the second half of the values.

39.18. Five-number summary: [L, Q,, M, Q,, H] where L = x, (lowest value) and H = x_(highest value).

39.19. Innerquartile range: Q,, - Q,
QU - QL
2

The kth percentile, denoted by P,, is the number for which k percent of the values are at most P, and
(100-k) percent of the values are greater than P,. Specifically:

39.20. Semi-innerquartile range: Q=

39.21. P, =largest x such that F < k/100. Thus, Q, = 25th percentile, M = 50th percentile,
Q,, = 75th percentile.
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Higher-Order Statistics
lo ., 1 .
39.22. The rth moment: (a) m, =—2Xx;, (b)y m,=—Xfx;
n n

39.23. The rth moment about the mean x:

1 . 1 .
(@ p=—E( %), () p == E(fx, =)
39.24. The rth absolute moment about mean x:

(a) M=%ﬂa—ﬂi (b) m=%2

39.25. The rth moment in standard z units about z = 0:

1, 1 %
@ a =—3z, (b) o =-3fz wherez, =t
n n (o)

Measures of Skewness and Kurtosis

39.26. Coefficient of skewness: Y, = ’u—i =q,
i
39.27. Momental skewness: = -
20°
39.28. Coefficient of kurtosis: o, = 'u—j
c

39.29. Coefficient of excess (kurtosis): o,-3= Ha 3
o

39.30. Quartile coefficient of skewness: 0, =2%+0, = 0, -20,+0,
Qy - QL Q3 - Ql

Population Variance and Standard Deviation

Recall that N denotes the number of values in the population.

X(x; -x)? B le.z —(le.)z/n
N N

39.31. Population variance: ©° =

39.32. Population standard deviation: ¢ =+/Variance =+/c”

Bivariate Data

The following formulas apply to a list of pairs of numerical values:

(Y05 (X5, ¥5), (X35 ¥3)seoos (X, 9,)

where the first values correspond to a variable x and the second to a variable y. The primary objective is to
determine whether there is a mathematical relationship, such as a linear relationship, between the data.
The scatterplot of the data is simply a picture of the pairs of values as points in a coordinate plane.
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Correlation Coefficient

A numerical indicator of a linear relationship between variables x and y is the sample correlation coef-
ficient r of x and y, defined as follows:

_ I -D0,-Y)
JE@ =T)E(, - 7)

39.33. Sample correlation coefficient:

We assume that the denominator in Formula 39.33 is not zero. An alternative formula for computing
r follows:

Zxy,—Ex)Zy)n

3934, r=
JEx = (Ex)n Ty = (Zy)in

Properties of the correlation coefficient r follow:

39.35. (1) -1 =r=1or,equivalently, Irl<I.
(2) ris positive or negative according as y tends to increase or decrease as x increases.
(3) The closer Il is to 1, the stronger the linear relationship between x and y.

The sample covariance of x and y is denoted and defined as follows:

T -0, - )

39.36. Sample covariance: ]
n—

xy

Using the sample covariance, Formula 39.33 can be written in the compact form:

s
39.37. r=—-

where s_and s, are the sample standard deviations of x and y, respectively.

EXAMPLE 39.2: Consider the following data:

x |50 45 40 38 32 40 55
y |25 50 62 74 83 47 18

The scatterplot of the data appears in Fig. 39-1. The correlation coefficient » for the data may be obtained
by first constructing the table in Fig. 39-2. Then, by Formula 39.34 with n =7,

1431.8 - (300)(35.9)/ 7

r= ~-0.9562
J13,218 = (300)* / 7+/218.67+(35.9)* / 7

Here ris close to —1, and the scatterplot in Fig. 39-1 does indicate a strong negative linear relationship
between x and y.
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A
10
8 ® xi Yi 1’? .'I.g XY
i 50 25 | 2,500 6.25 125.0
6 7 ® ° 45 50 | 2,025 25.00 225.0
° 40 | 6.2 1,600 | 38.44 | 248.0
4 1 38 7.4 1,444 54.76 281.2
32 | 83 1,024 | 68.89 265.6
5 - ° 40 | 47 1,600 22.09 188.0
L] 55 1.8 | 3,025 3.24 99.0
0 =V T T > Sums| 300 | 35.9 | 13,218 | 218.67 | 1431.8
30 40 50 60
Fig. 39-1 Fig. 39-2

Regression Line

Consider a given set of n data points P, (x,, y,). Any (nonvertical) line L may be defined by an equation
of the form

y=a+bx
Let y." denote the y value of the point on L corresponding to x;; that is, let y; = a+ bx,. Now let
d; =y, =y, =y~ (a+bx,)
that is, d, is the vertical (directed) distance between the point P, and the line L. The squares error between
the line L and the data points is defined by
3938. Xd’=d]+d,+---+d;

The least-squares line or the line of best fit or the regression line of y on x is, by definition, the line L
whose squares error is as small as possible. It can be shown that such a line L exists and is unique.

The constants @ and b in the equation y = a + bx of the line L of best fit can be obtained from the following
two normal equations, where a and b are the unknowns and » is the number of points:

na+ (le-)b = Zyi
39.39.  |(Zx)a+(ZxHb=Zx,y,

The solution of the above normal equations follows:

Txy.—(Zx)Zy,) s zy, Zx,
3940, p="ENCEXEN) T 2% 2N
nXx; —(Xx,) s n n

x

=y-bx

The second equation tells us that the point (X, y)lies on L, and the first equation tells us that the point
(X +5,,y+7s,) also lies on L.

EXAMPLE39.3: Suppose we wantthe line L of best fit for the datain Example 39.2. Using the table in Fig. 39-2 and
n =7, we obtain the normal equations
7a+300b=35.9
300a+13,218b =1431

Substitution in 39.40 yields

, - 101431.8) - (300)35.9) _
©7(13,218)—(300)>

a= g— (—0.2959)3—(7)0 =17.8100

—-0.2959
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Thus, the line L of best fit is
y=17.8100 — 0.2959x

The graph of L appears in Fig. 39-3.

v 4 y = 17.8100-0.2959x
10
(30, 8.933)
8 ]
e (42.8571, 5.1286)
6 =
4 -
2 -
0 L A— T ! ' >
30 40 50 60
Fig. 39-3

Curve Fitting

Suppose that n data points P, (x, y) are given, and that the data (using the scatterplot or the correlation
coefficient ) do not indicate a linear relationship between the variables x and y, but do indicate that some
other standard (well-known) type of curve y = f(x) approximates the data. Then the particular curve C that
one uses to approximate that data, called the best-fitting or least-squares curve, is the curve in the collection
which minimizes the squares error sum

Ldl=d}+d;++d;

where d, =y, — fix,). Three such types of curve are discussed as follows.

. . . _ 2 m
Polynomial function of degree m: y=a,+ax+a,x" +---+a,x

The coefficients a,, a,, a,,...,a,, of the best-fitting polynomial can be obtained by solving the following
system of m + 1 normal equations:

39.41. na,+a,Xx,+a,2x; +--+a, Lx" =Ly,

2 3 m+l _
XX, +a, Xx; +a,Xx; +---+a,Xx" =Zxy,

1 2
aZx" +a, Zx"" +a, Zx"

i i

Exponential curve:  y=ab" or logy =loga+ (logh)x

The exponential curve is used if the scatterplot of log y verses x indicates a linear relationship. Then log a and
log b are obtained from transformed data points. Namely, the best-fit line L for data points P’(x, log y,) is

na’+(Zx)b’=%(logy,)
39.42.
(Zx)a’ +(Zx)b =2(x,logy,)

Then a = antilog a’, b = antilog b’.
EXAMPLE 39.4: Consider the following data which indicates exponential growth:

x |12 3 4 5 6
y | 6 18 55 160 485 1460
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Thus, we seek the least-squares line L for the following data:

x | 1 2 3 4 5 6
logy | 0.7782 1.2553  1.7404 22041 2.6857 3.1644

Using the normal equation 39.42 for L, we get
a’=0.3028, b'=0.4767

The antiderivatives of ¢” and b’ yield, approximately,
a=2.0, b=3.0

Hence, y = 2(3") is the required exponential curve C. The data points and C are depicted in Fig. 39-4.

1600 -

1400
1200 -
1000 A
800
600 -~
400

200 °

Fig. 39-4

Power function: y = ax’ or logy=1loga+blogx
The power curve is used if the scatterplot of log y verses log x indicates a linear relationship. The
log a and b are obtained from transformed data points. Namely, the best-fit line L for transformed data

points P’(log x,, log y) is

na’+X(logx,)b =X (logy,)
39.43. , 2
2(logx,)a’+Z(ogx,)"b=2(logx;logy,)

Then a = antilog a’.
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Sample Spaces and Events

Let S be a sample space which consists of the possible outcomes of an experiment where the events are
subsets of S. The sample space S itself is called the certain event, and the null set & is called the impossible
event.

It would be convenient if all subsets of S could be events. Unfortunately, this may lead to contradictions
when a probability function is defined on the events. Thus, the events are defined to be a limited collection
C of subsets of S as follows.

DEFINITION 40.1: The class C of events of a sample space S form a 6-field. That is, C has the following
three properties:

i) SeC.
(i) IfA, A, ... belong to C, then their union A, U A, U A, U ... belongs to C.
(iii) If A e C, then its complement A° € C.

Although the above definition does not mention intersections, DeMorgan’s law (40.3) tells us that the
complement of a union is the intersection of the complements. Thus, the events form a collection that is
closed under unions, intersections, and complements of denumerable sequences.

If S is finite, then the class of all subsets of S form a ¢-field. However, if S is nondenumerable, then only
certain subsets of S can be the events. In fact, if B is the collection of all open intervals on the real line R,
then the smallest 6-field containing B is the collection of Borel sets in R.

If Condition (ii) in Definition 40.1 of a c-field is replaced by finite unions, then the class of subsets of S
is called a field. Thus a c-field is a field, but not visa versa.

First, for completeness, we list basic properties of the set operations of union, intersection, and complement.

40.1. Sets satisfy the properties in Table 40-1.

TABLE 40-1 Laws of the Algebra of Sets

Idempotent laws: (la) AUA=A (Iby AnA=A
Associative laws: (2a) (AuB)UC=AuBuUCQC) 2b) ANnB)NnC=AnBNOC
Commutative laws: (3a) AUB=BUA 3b) AnB=BnNA
Distributive laws: (4a) AUBNC)=(AUB) NAUC) db) AnBUC)=(ANnB)UANB)
Identity laws: 5a) AuJ=A (5b) AnU=A
(6a) AuU=U (6b) ANn=0
Involution law: (7)  (ASC=A
Complement laws: (8a) AU A°=U @8b) AnNA=0
Ya) U=0 9b) ©@*=U
DeMorgan’s laws: (10a) (A U B)*=A°" B¢ (I0b) (AN B)*=A°U B¢

217
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40.2. The following are equivalent: (i) A € B, (ii)) AN B = A, (iii) AN B =B.
Recall that the union and intersection of any collection of sets is defined as follows:

Uj A, = {x | there exists j such thatx € A} and ﬂj A, = {x|forevery j we havex € A}

40.3. (Generalized DeMorgan’s Law) ( 1021)'(Uj Aj)C = ﬂj Ajc; ( 10b)‘(ﬂj Aj)C = Uj AjC

Probability Spaces and Probability Functions

DEFINITION 40.2: Let P be a real-valued function defined on the class C of events of a sample space S. Then
P is called a probability function, and P(A) is called the probability of an event A, when the following axioms
hold:

Axiom [P ] For every event A, P(A) > 0.
Axiom [P,] For the certain event S, P(S) = 1.

Axiom [P,] For any sequence of mutually exclusive (disjoint) events A, A, ...,
P(AJUA U ..)=PA)+PA,)+...

The triple (S, C, P), or simply S when C and P are understood, is called a probability space.

Axiom [P,] implies an analogous axiom for any finite number of sets. That is:

Axiom [P3'] For any finite collection of mutually exclusive events A, Az, cn A
P(AAJUA U...UA)=PA)+PA)+...+PA)
In particular, for two disjoint events A and B, we have P(A U B ) =P(A) + P(B).

The following properties follow directly from the above axioms.
40.4. (Complement rule) P(A¢) = 1 — P(A). Thus, P(&J) = 0.
40.5. (Difference Rule) P(A\B) =P(A) - P(A M B).

40.6. (Addition Rule) P(A U B) =P(A) + P(B) — P(A N B).
40.7. Forn 22.P(|J7,4,) <3 P4)
40.8. (Monoticity Rule) If A C B, then P(A) < P(B).

Limits of Sequences of Events

40.9. (Continuity) Suppose A, A,, ... form a monotonic increasing (decreasing) sequence of events; that is,
AJ. c Aj+l (Aj ) Aj+1)’ LetA= U, A, (A= Aj). Then lim P(A) exists and

lim P(A ) =P(A)
For any sequence of events ALA, ..., we define

iminfA = U (oA and  timsupA =[] U A

If lim inf A_=1lim sup A , then we call this set lim A . Note lim A_exists when the sequence is
monotonic.
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40.10. For any sequence Aj of events in a probability space,
P(lim inf A ) <lim inf P(A ) <lim sup P(A ) <P(lim sup A )

Thus, if lim A_exists, then P(lim A ) =lim P(A ).
40.11. For any sequence Aj of events in a probability space, P(Y, Aj) < 2,- P(Aj).

40.12. (Borel-Cantelli Lemma) Suppose A is any sequence of events in a probability space. Furthermore,

oo

suppose 2::1 P(A ) <+eo. Then P(lim sup A ) =0.

40.13. (Extension Theorem) Let F be a field of subsets of S. Let P be a function on F satisfying Axioms P,
P,, and P,. Then there exists a unique probability function P* on the smallest o-field containing F
such that P* is equal to P on F.

Conditional Probability

DEFINITION 40.3: Let E be an event with P(E) > 0. The conditional probability of an event A given E is
denoted and defined as follows:

P(ANE)
P(AIE) = “PE)

40.14. (Multiplication Theorem for Conditional Probability) P(A n B) = P(A)P(BIA). This theorem can
be genealized as follows:

40.15. P(A,N---NA)=P(A)PAJA)IPAJA NA) ... PAJA N ...AA_)

EXAMPLE 40.1: A lot contains 12 items of which 4 are defective. Three items are drawn at random from
the lot one after the other. Find the probabiliy that all three are nondefective.

The probability that the first item is nondefective is 8/12. Assuming the first item is nondefective, the
probability that the second item is nondefective is 7/11. Assuming the first and second items are nondefec-
tive, the probability that the third item is nondefective is 6/10. Thus,

8 7 6 14

Stochastic Processes and Probability Tree Diagrams

A (finite) stochastic process is a finite sequence of experiments where each experiment has a finite num-
ber of outcomes with given probabilities. A convenient way of describing such a process is by means of
a probability tree diagram, illustrated below, where the multiplication theorem (40.14) is used to compute
the probability of an event which is represented by a given path of the tree.

EXAMPLE 40.2: Let X, Y, Z be three coins in a box where X is a fair coin, Y is two-headed, and Z is
weighted so the probability of heads is 1/3. A coin is selected at random and is tossed. (a) Find P(H), the
probability that heads appears. (b) Find P(XIH), the probability that the fair coin X was picked if heads
appears.
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The probability tree diagram corresponding to the two-step stochastic process appears in Fig. 40-1a.

(a) Heads appears on three of the paths (from left to right); hence,

O U0 I U U6 S
32 3 33 18
(b) X and heads H appear only along the top path; hence
px A H) =+ o L ndsopoxtiy = PEQHD 163
32 6 P(H) 11/18 11

X A
1/3 * T 50% N
13 1 30% y D
0 Y H 0 B
N
1/3 B 20% y D
213 T N

(a) (b)
Fig. 40-1

Law of Total Probability and Bayes’ Theorem

Here we assume E is an event in a sample space S, and A, A,, ... A are mutually disjoint events whose
union is S; that is, the events A, A, ..., A form a partition of S.

40.16. (Law of Total Probability) P(E) = P(A )P(E|A,) + P(A)P(EIA,) + ... + P(A )P(EIA )

40.17. (Bayes’ Formula) Fork=1,2, ..., n,

P(A)PEIA) P(A)PEIA)
P(E)  P(A)PE|A)+P(A)PE|A)+-+P(A)P(E|A,)

P(A|E) =

EXAMPLE 40.3: Three machines, A, B, C, produce, respectively, 50%, 30%, and 20% of the total number
of items in a factory. The percentages of defective output of these machines are, respectively, 3%, 4%, and
5%. An item is randomly selected.

(a) Find P(D), the probability the item is defective.
(b) If the item is defective, find the probability it came from machine: (i) A, (ii) B, (iii) C.
(a) By 40.16 (Total Probability Law),

P(D) = P(A)P(DIA) + P(B)P(DIB) + P(C)P(DIC)
= (0.50)(0.03) + (0.30)(0.04) + (0.20)(0.05) = 3.7%
P(AP(DIA) _ (0.50)(0.03)
P(D) 0.037
P(B)P(D|B) P(C)P(D|C)

(ii) P(BID) = T 32.5%; (iii) P(CID) = D - 27.0%

(b) By 40.17 (Bayes’ rule), (i) P(AID) = =40.5%. Similarly,
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Alternately, we may consider this problem as a two-step stochastic process with a probability tree dia-
gram, as in Fig. 40-1(b). We find P(D) by adding the three probability paths to D:

(0.50)(0.03) + (0.30)(0.04) + (0.20)(0.05) = 3.7%
We find P(AID) by dividing the top path to A and D by the sum of the three paths to D.
(0.50)(0.03)/0.037 = 40.5%

Similarly, we find P(B|D) = 32.5% and P(C|D) = 27.0%.

Independent Events

DEFINITION 40.4: Events A and B are independent if P(A M B) = P(A)P(B).

40.18. The following are equivalent:
(i) P(A N B) =P(A)P(B), (ii) P(AIB) = P(A), (iii) P(BIA) = P(B).

That is, events A and B are independent if the occurrence of one of them does not influence the occur-
rence of the other.

EXAMPLE 40.4: Consider the following events for a family with children where we assume the sample space S is an
equiprobable space:

E = {children of both sexes}, F = {at most one boy}

(a) Show that E and F are independent events if a family has three children.

(b) Show that E and F are dependent events if a family has two children.
(a) Here S = {bbb, bbg, bgb, bgg, gbb, gbg, ggb, ggg}. So:

E = {bbg, bgb, bgg, gbb, gbg, ggb}, P(E) = 6/8 = 3/4,

F = {bgg, gbg, ggb, geg}, P(F) =4/8 = 172

E NF = {bgg, gbg, ggb}, P(E M F) =3/8
Therefore, P(E)P(F) = (3/4)(1/2) = 3/8 = P(E N F). Hence, E and F are independent.
(b) Here S = {bb, bg, gb, gg}. So:
E = {bg, gb}, P(E) =2/4 =1/2,

F = {bg, gb, gg}, P(F) =3/4
ENF={bg, gb},PENF)=2/4=1/2

Therefore, P(E)P(F) = (1/2)(3/4) = 3/8 # P(E N F). Hence, E and F are dependent.

DEFINITION 40.5: For n > 2, the events ALA, .. A are independent if any proper subset of them is in-
dependent and

P(A,NA,N...NA)=PA)PA,) ... P(A)

Observe that induction is used in this definition.

DEFINITION 40.6: A collection {Aj | j € J} of events is independent if, for any n > 0, the sets Aj ,Ai Y e Aj
are independent. b
The concept of independent repeated trials, when S is a finite set, is formalized as follows.
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DEFINITION 40.7: Let S be a finite probability space. The probability space of n independent trials or repeated
trials, denoted by S , consists of ordered n-tuples (s, s,, ..., s ) of elements of S with the probability of an
n-tuple defined by

P((s,, 8, ..., 8,)) =P(s )P(s,) ... P(s )

EXAMPLE 40.5: Suppose whenever horses a, b, ¢ race together, their respective probabilities of winning are
20%, 30%, and 50%. That is, S = {a, b, ¢} with P(a) = 0.2, P(b) = 0.3, and P(c) = 0.5.
They race three times. Find the probability that

(a) the same horse wins all three times
(b) each horse wins once

(a) Writing xyz for (X, y, z), we seek the probability of the event A = {aaa, bbb, ccc}. Here,

P(aaa) = (0.2)° = 0.008, P(bbb) = (0.3)* = 0.027, P(ccc) = (0.5)° = 0.125

Thus, P(A) =0.008 + 0.027 + 0.125 = 0.160.

(b) We seek the probability of the event B = {abc, acb, bac, bca, cab, cba}. Each element in B has the same
probability (0.2)(0.3)(0.5) = 0.03. Thus, P(B) = 6(0.03) = 0.18.



4 1 RANDOM VARIABLES

Consider a probability space (S, C, P).

DEFINITION 41.1. A random variable X on the sample space S is a function from S into the set R of real numbers
such that the preimage of every interval of R is an event of S.

If S is a discrete sample space in which every subset of S is an event, then every real-valued function on
S is a random variable. On the other hand, if S is uncountable, then certain real-valued functions on S may
not be random variables.

Let X be a random variable on S, where we let R, denote the range of X; that is,

R, = {x | there exists s € S for which X(s) = x}

There are two cases that we treat separately. (i) X is a discrete random variable; that is, R, is finite or
countable. (ii) X is a continuous random variable; that is, R, is a continuum of numbers such as an interval
or a union of intervals.

Let X and Y be random variables on the same sample space S. Then, as usual, X + Y, X + k, kX, and XY
(where k is a real number) are the functions on S defined as follows (where s is any point in S):

X+Y)(s) = X(s) + Y(s), (kX)(s) = kX(s),
(X +Kk)(s) = X(s) +k, (XY)(s) = X(8)Y(s).

More generally, for any polynomial, exponential, or continuous function h(t), we define h(X) to be the
function on S defined by

[h(X)1(s) = h[X(s)]

One can show that these are also random variables on S.
The following short notation is used:

P(X=x) denotes the probability that X = x,.

P@<X<b denotes the probability that X lies in the closed interval [a, b].
Uy or E(X) or simply denotes the mean or expectation of X.

0. or Var(X) or simply ¢ denotes the variance of X.

Ox or simply O denotes the standard deviation of X.

Sometimes we let Y be a random variable such that Y = g(X), that is, where Y is some function of X.

Discrete Random Variables

Here X is a random variable with only a finite or countable number of values, say
R, ={Xx,, X,, X,, ... }where, say, X, <X,, <X, <.... Then X induces a function f(x) on R, as follows:

f(x) =P(X=x)=P({s €S|X(s)=x.})
The function f(x) has the following properties:
(i) f(x) =0 and () Z, f(x) =1

Thus, f defines a probability function on the range R, of X. The pair (x,, f(x,)), usually given by a table,
is called the probability distribution or probability mass function of X.

223
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Mean

41.1. Uy =EX) =Zxf(x))
Here, Y = g(X).

41.2. Uy =E(Y)=Zg(x)f(x)
Here, Y = g(X).

Variance and Standard Deviation

41.3. o0, =Var(X) = 2(x, — w>*f(x) = E(X - 1)?)
Alternately, Var(X) = 6> may be obtained as follows:

41.4. Var(X) =3xf(x)) — >= E(X?) — i

4.5 o,= Var(X) = JEX) -1

REMARK: Both the variance Var(X) = 6 and the standard deviation o measure the weighted spread of the values x,
about the mean p; however, the standard deviation has the same units as pl.

EXAMPLE 41.1: Suppose X has the following probability distribution:

X 2 4 6 8
f(x) 0.1 0.2 0.3 0.4

Then:

1 =E(X) = Exf(x) = 2(0.1) + 4(0.2) + 6(0.3) + 8(0.4) = 6
E(X?) = Ex2f(x) = 2%(0.1) + 4(0.2) + 6%(0.3) + 82(0.4) = 40
02=Var(X) =B(X?) — 1> =40 — 36 = 4

o= VVar(X :\/— =2

Continuous Random Variable

Here X is a random variable with a continuum number of values. Then X determines a function f(x), called
the density function of X, such that

O fx)=0 and  (ii) j: f(x) dx = jR Ffx)dx =1

Furthermore,
b
P@<X<b)= | fx)dx

Mean

41.6. Uy =E(X)= ji xf(x) dx
Here, Y = g(X).
41.7. My =E(Y) = ji g(x) f(x) dx
Here, Y = g(X).
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Variance and Standard Deviation

418. o =VarX)= | (x - ppfx)dx = E(X - )

Alternately, Var(X) = 0> may be obtained as follows:

419, Var(X)= [ xf(x)dx — 1 = E(X) — 12

41.10. o, = Var(X) = [E(X*) -1

EXAMPLE 41.2: Let X be the continuous random variable with the following density function:

) = {(I/Z)x if0<x<2
0 elsewhere
Then:

B0 =] xteodx= [*L e ax= H _4

. )3 .

BOXO) = [ xf(x)dx = j;% O dx = {_} _,

162

o’=Var(X)=EX») - p*=2- —= 5
o= JVar(X) = \E _ %\/5

Cumulative Distribution Function

The cumulative distribution function F(x) of a random variable X is the function F:R — R defined by

41.11. F(a)=P(X<a)
The function F is well-defined since the inverse of the interval (—eo, a] is an event.
The function F(x) has the following properties:

41.12. F(a) < F(b) whenever a <b.

41.13. lim Fx)=0  and lim F(x)=1

X—>too

That is, F(x) is monotonic, and the limit of F to the left is 0 and to the right is 1.
If X is the discrete random variable with distribution f(x), then F(x) is the following step function:

41.14. F() = Y f(x)
If X is a continuous random variable, then the density funcion f(x) of X can be obtained from the cum-
mulative distribution function F(x) by differentiation. That is,

a1.15. )= -4 Foo) = Fx)
dx

Accordingly, for a continuous random variable X,

41.16. F(x)= j w f(t) dt
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Binomial Distribution

Consider an experiment with two outcomes, one called success (S) and the other called failure (F). A fixed
number of independent repeated trials of such an experiment is called a binomial experiment. The notation

B(n, p)

denotes a binomial experiment with n independent trials and probability p of success. [We let =1 — p denote
the probability of failure. ]

41.17. pk)= (ij kgn* is the probability of k successes in B(n, p) where (Z) is the binomial coefficient.

41.18. The probability of at least one success in B(n, p) is 1 — q".
The number X of k successes in B(n, p) is a random variable with the following distribution called
the binomial distribution:

k 0 1 2 n—1 n
Pk | q (nj -l (n) 2n=2 e n -1 p"
1 Pq ) Pq n—1 P q

41.19. Mean B(n, p) = 4 =np.

41.20. Variance B(n, p) = 62 = npq, and standard deviation of B(n, p) = 0= \/npq

EXAMPLE 41.3:

(a) Jane hits a target with probability p = 1/3. So q = 2/3. She fires n = 6 times. The probability of hitting the target
exactly 2 times follows:

P(2)= (g)(1/3)2(2/3)4 =15(1/9)(16/81) = 80/243 = 0.329

(b) John hits a target with probability p = 1/4. So q = 3/4. He fires n = 100 times. The expected number u of times he
will hit the target and the standard deviation o follows:

(= np =100(1/4) =25, 6> = npq = 100(1/4)(3/4) = 75/4 s0 6= 2.5

Normal Distribution

The normal random variable X, whose density function f has the familiar bell-shaped curve, pictured in

Fig. 41-1 below, is defined by:
1 l(x - ‘u)z
= oo “"‘P[ 2o

This distribution is denoted by N(u, 62).

235 %

0.15% 2.35% 0.15 %

pu-3o0 pu-20 p-o u p+o w420 p+3o0
Fig. 41-1
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41.21. Mean N(u, 6%) = LL.

41.22. Variance N(u, 0?) = 62, and standard deviation of N(u, 6%) = ©.

68-95-99.7 Rule
The normal distribution N(u, 6?) follows the “68-95-99.7 Rule” which is illustrated in Fig. 41-1. That is:

(a) About 68% (more precisely 68.3%) or just over two-thirds of the data points (population) fall within
1 standard deviation from the mean.

(b) About 95% (more precisely 95.4%) of the data points (population) fall within 2 standard deviations
from the mean.

(c) About 99.7% of the data points (population) fall within 3 standard deviations from the mean.

Standardized Normal Distribution

Corresponding to X = N(u, 6?) there is the standardized random variable
X-u
o]

which is also normal with mean ¢ = 0 and standard deviation o =I. Thus Z = N(0, 1). The density function
¢ for Z follows:

7=

1 -2%2
#(z)= Ton

Any value of x in a normal random variable X can be changed into a z-value by the formula: z = (x — p)/o.

Evaluating Standard Normal Probabilities

Table 36 gives the area under the standard normal curve ¢(z) between 0 and z, as indicated by the picture in
the table. This area is denoted by @ (z).

Using Table 36 and the symmetry of the curve, we can find P(z, <Z <z,), the area under the curve between
any two values z, and z,, as pictured in Fig. 41-2 below:

(@ z,<0<z, (b)0<z <z, (¢)z,<2,<0

D(25) + D(z1) D(23) - D(z1)
z; Ol 75 oz, 2z,
D(z4)) — D(|z2)
A Zy |0

Fig. 41-2
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EXAMPLE 41.4: Find the following probabilities:

(a) P(-0.5<Z<1.3),(b)P(1.4<7Z<2.0), (c) P(-1.5£Z<-0.8)

(@) P(-0.5<Z<1.3)=d(1.3) + P(0.5) =0.4032 + 0.1915 = 0.5947 = 59.47%.
(b) P1.4<72<2.0)=P(2.0) - DP(1.4)=0.4772 - 0.4192 = 0.0580 = 5.80%

(c) P(-1.5<Z<-0.8) =P(1.5) — P(0.8) =0.4332 - 0.2881 = 0.1451 = 14.51%

Also, using the fact that the total area under the standard normal curve is 1 and that half the area is 1/2 =
0.5000, we can also find the “tail-end” of a one-sided probability of Z as shown in Fig. 41-3 below:

0.5+® (z))
0.5 - @ (lzy1)
z,>0 oz z,<0 z 10
0.5+ (1z4)
05— D (z))
z,>0 oz z,<0 2 0
Fig. 41-3

(@) PZ<z) (b) PZ>z)

EXAMPLE 41.5: Find the following probabilities:
(@) P(Z<13)(b)P(Z=1.5),(c)PZ=-14),

(@) P(Z<13)=0.5+®(1.3)=0.5000 + 0.4032 = 0.9032.
(b) P(Z=1.5)=0.5-d(1.5)=0.5000 - 0.4332 = 0.0668 = 6.68%
(©) P(Z<-1.6)=0.5-®(1.6)=0.5000-0.4452 =0.0548 = 5.48%

Evaluating Arbitrary Normal Probabilities

Suppose X is the normal distribution N(u, 62). To evaluate P(a < X < b) we first change a and b into standard
units using:

Zl:a—,u and Z2=b_—'u
(o o

Then we can rewrite P(a < X <b) as a z-equation:
Pa<X<b)=P(z, <Z<z)

which is the area under the standard normal curve between z, and z,.
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EXAMPLE 41.6: Suppose the heights of American men (in inches) are (approximately) normally distributed
with mean y = 68 and standard deviation ¢ = 2. Find the percentage P of American men who are:

(a) between a =67 and b =71 inches tall, (b) at least 6 feet (72 inches) tall.

(a) Transform a and b into standard units obtaining
z,=(67-68)2=-0.5and z,= (71 - 68)/12=1.5
Here z, <0 < z,. Hence
P=P67<X<71)=P(-0.5<Z<1.5)
=®(1.5) + D(0.5) =0.4332 + 0.1915 = 0.6247

That is, approximately 62.5 percent of American men are between 67 and 71 inches tall.

(b) Transform a = 72 into standard units obtaining z = (72 — 68)/2 = 2.0. Here 0 < z. Therefore,
P=P(X2>72)=P(Z22)=0.5-d(2.0)=0.5000 — 0.4772 = 0.0228

That is, approximately 2.3% of American men are at least 6 feet tall.

Central Limit Theorem

Roughly speaking, the Central Limit Theorem (CLT) says that in any sequence of repeated trials the dis-
tribution of the standard sample mean approaches the standard normal distribution as the number of trials
increases.

41.23. Central Limit Theorem: Let X, X, X,, ... be a sequence of independent random variables with
the same distribution with mean g and variance ¢>. Let

S X, —Hu
X,=(X+X,+-+X)nandZ = o/dn

Then for large n and any interval {a < x <b},
P(a<Z <b)=Pa<¢<b)

where ¢ is the standard normal distribution.

Additional Probability Distributions

)
Ale

t<x t’

41.24. Poisson Distribution: ®(x) =

r s

()

41.25. Hypergeometric Distribution: ®(x) = Z z AT
t<x r+s
()

n+l
’ . . . 1 2 x
41.26. Student’s ¢ Distribution: ®(x) = —7'[

o\~ (n+1)/2
1+— dt
Jnmr T(n2) J-- ( n)
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41.27. X’ (Chi Square) Distribution: ®(x) = | 0 {0 -22e42

1
2" T (n/2)

r n +n2)n]n1/2n ny/2
2
I'(n,/2)I'(n,/2)

—(ny+ny)/2

dt

41.28. F Distribution: ®(x) = ( J.X 1"y +n0)

0



Section XlI: Numerical Methods

4 2 INTERPOLATION

Lagrange Interpolation

Two-point formula

+ f(x)

X, X

xX—x X=X
42.1. PO)=f(x)— -
Xo — 1~ %o

where p (x) is a linear polynomial interpolating two points
(x5 F(x)) (xp, f(x))), Xy # X,
General formula

2.2. p(x)=f(x)L, () + f(x)L, () +-+ f(x,)L, ,(x)

where

n

X—X.
— 1
Ln,k -

i=0,i#k Xy —X;

and where p(x) is an nth-order polynomial interpolating n + 1 points

(x f(x), k=0,1,...,n; and x, #x; fori#j
Remainder formula

Suppose f(x) e cm! [a, b]. Then there is a é(x) € (a, b) such that:

M E@)

42.3. =
f)=p)+ 1!

(x=x)x—x)(x—x,)

Newton’s Interpolation

First-order divided-difference formula

f(x) = f(x)

X=X

24, flx,x 1=

Two-point interpolatory formula
42.5. p(x):f(xo)"’-f[xo’xl](x_xo)

where p(x) is a linear polynomial interpolating two points

(x()’f(xo))v ('x[’f(xl))’ xo ¢ xl

231
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Second-order divided-difference formula

Slx,x, 1= flxg.x,]

Xy =X

42.6. flxy,x,x,]=

Three-point interpolatory formula
427, p(0)= f(xg)+ f1xg,2x,1(x = x0) + f[xg, X520, 1(x = xo)(x — x,)
where p(x) is a quadrant polynomial interpolating three points
(x> f(x0)), (x5 f(x)), (xy, f(x3))

General kth-order divided-difference formula

SIx, %, 0x, 1= flxg, x50 00x, ]

X =X

42.8.  fxy,X5.00x )=

General interpolatory formula
429. p(x)=fx)+ flxg,x J(x—=x)+--+ flxg, %0 .0ox, J(x = x )(x —x) - (x—X,,_,)
where p(x) is an nth-order polynomial interpolating n + 1 points
(x,,f(x), k=0,1,...,n; and x, #X; fori#j

Remainder formula
Suppose f(x) e C"*'[a,b]. Then there is a &(x) € (a,b) such that

fE™)

4210. f@)=p@+=20

(x=x)(x—x)(x—x,)

Newton’s Forward-Difference Formula

First-order forward-difference at x,

211, Af(x) = f(x,)— f(x,)

Second-order forward difference at x,

42.12. Azf(xo) =Af(x)—Af(x,)
General kth-order forward difference at x,
4213, A'f(x) = A" f(x) - A f(xg)

Binomial coefficient

s | _s(s=1)--(s—k+1)
k| k!

42.14. (

Newton’s forward-difference formula

42.15. p(x)=i{ . JAkf(xO)

where p(x) is an nth-order polynomial interpolating n + 1 equal spaced points
(X fx ) X, =xy+kh k=0,1,....n
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Newton’s Backward-Difference Formula

233

First-order backward difference at x

4216, Vf(x,)=f(x,)~ f(x,.)
Second-order backward difference at x
42.17. V’f(x,)=Vf(x,)-Vf(x,.)

General kth-order backward difference at x,
42.18. Vif(x)=Vfx) -V, )
Newton’s backward-difference formula

42.19. p(x)=2n:(—1)k[ _k” jka(x”)

where p(x) is an nth-order polynomial interpolating n + 1 equal spaced points

(e, f(x), x, =x,+kh

Hermite Interpolation

k=0,1,....n

Two-point basis polynomials

p— — 2 —_—
42.20. Hlyoz(l—zx XOJ(X %) Huz(l—zx ai

2’
Xo—x; ) (X —x,)

Two-point interpolatory formula

4221, H,(x)= f(x)H, , + fF(x)H,  + [ (x)H, o+ f(x)H,

ﬁu =(x-x)

where H,(x) is a third-order polynomial, agrees with f(x) and its first-order derivatives at two points, i.e.,

Ha(xo): f(xo)s H;(XO)Zf/(XO),

General basis polynomials

xX—X,
L, ;(x;)

222 H, = (1 )

where

Hy(x,)= f(x)), HS’('xl) :f’('xl)

] Li,_/(x)s 1:1,1,,' = (x_xj)Li,j(x)
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General interpolatory formula
4223. H,,, ()= f(x)H, (x)+ Y f'(x)H, (x)
j=0 j=0

where H, ,,(x)is a (2n + 1)th-order polynomial, agrees with f(x) and its first order derivatives at n + 1
points, i.e.,

H,,., (x)=f(x), H],, (x)=f"(x,) k=0,1,...,n

Remainder formula
Suppose f(x) e C*"**[a,b]. Then there is a {(x) € (a,b) such that

A (E))

4224.  f(x)=H,,,(x0)+ 2n+2)!

(x—xo)z(x—xl)z---(x—xn)2
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Trapezoidal Rule

Trapezoidal rule

b—-a
2

831 [ f@dv-21f@+ fb)

Composite trapezoidal rule

B2, [ fwde~ g[f(a) +23 fla+ i)+ f(b)j

where h=(b—a)/n is the grid size.

Simpson’s Rule

Simpson’s rule

b—a
6

33 [ fodc-~

Composite Simpson’s rule

n/2

[f(a)+4f(#)+f(b)}

b h
$34. [ food ~g(f(xo)+ZZf(xZi_2)+4Zf(xz,-_.)+f(xn)]

where n even, h=(b—a)n, x,=a+ih,i=0,1,...,n.

Midpoint Rule

Midpoint rule

835 [ fdi~b-a) f(“";b )

Composite midpoint rule

nl/2

43.6. j” FO0dx ~ 20 f(x,)

where neven, h=(b—a)/(n+2), x,=a+({@-Dh,i=-1,0,...,

n+l1.
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Gaussian Quadrature Formula

QUADRATURE

Legendre polynomial

1 n
43.7. P(x)=—— d
2"n! dx"

[(x* =1)"]

Abscissa points and weight formulas

The abscissa points x,ﬁ”) and weight coefficient w;,") are defined as follows:

43.8. x\" = the kth zero of the Legendre polynomial P (x)

2P,,,(x1({n))2

(ny?

439. "=
1-x;

Tables for Gauss-Legendre abscissas and weights appear in Fig. 43-1.

Gauss-Legendre formula in interval (-1, 1)

8320, [ f@dv=Y ol ")+ R,
k=1

Gauss-Legendre formula in general interval (a, b)

n

43.11. j:’ Foode=2=

k=1

Remainder formula

B (b _ a)2n+1 (n|)4

43.12. =
" 2u+ DI

for some a <& <b.

= of

AR (9

+b b-
a—+x§,’”—a)+R"

2 2

7]

(n)

| of

2 0.5773502692 1.0000000000
—0.5773502692 1.0000000000

3 0.7745966692 0.5555555556
0.0000000000 || 0.8888888889
—0.7745966692 0.5555555556

4 0.8611363116 0.3478548451
0.3399810436 0.6521451549
—0.3399810436 0.6521451549
—0.8611363116 0.3478548451

5 0.9061798459 || 0.2369268850
0.5384693101 0.4786286705
—0.0000000000 || 0.5688888889
—0.5384693101 0.4786286705
—0.9061798459 || 0.2369268850

Fig. 43-1



44 SOLUTION of NONLINEAR EQUATIONS

Here we give methods to solve nonlinear equations which come in two forms:
44.1. Nonlinear equation: f(x) =0

44.2. Fixed point nonlinear equation: x = g(x)
One can change from 44.1 to 44.2 or from 44.2 to 44.1 by settting:

gx)=f(x)+x or f(x)=gx)-x

Since the methods are iterative, there are two types of error estimates:

443. |f(x,)|<e or |x,,—x,|<€

n+l

for some preassigned € > 0.

Bisection Method

The following theorem applies:

Intermediate Value Theorem: Suppose fis continuous on an interval [a, b] and f(a) f(b) < 0. Then there
is a root x* to f(x) =0 in (a, b).

The bisection method approximates one such solution x*.

44.4. Bisection method:
Initial step: Set a,=a and b, = b.
Repetitive step:

(a) Setc,=(a,+b,)2.

(b) If f(a,)f(c,)<O0, thenset @,,, =a, and b,,, =c,; else set 4,,, =¢, and b, =b

e

Newton’s Method

Newton method

_fx)
f'(x,)

44.5. x,,=x,

Quadratic convergence

a6, limlea ] )
e lx, —x T 207 (x0)

where x* is a root of the nonlinear equation 44.1.
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Secant Method

Secant method

— ('xn — 'xn—l)f('xn)
Xopt =X —
Jxe) = fx,2)

Rate of convergence

44.7.

448, lim— =X S
Ty, = x Iy, - X 2(f/(x))°

where x* is a root of the nonlinear equation 44.1.

Fixed-Point Iteration

The following definition and theorem apply:
Definition: A function g from (a, b) to (a, b) is called a contraction mapping it

lg(x)—g(WI<L|x—yl forany x, y € (a, b)

where L < 1 is a positive constant.

Fixed-point theorem: Suppose that g is a contraction mapping on (a, b). Then g has a unique fixed point in
(a, b).

Given such a contraction mapping g, the following method may be used.

Fixed-point iteration

449. «x,,, =g,)



4 5 NUMERICAL METHODS for ORDINARY
DIFFERENTIAL EQUATIONS

Here we give methods to solve the following initial-value problem of an ordinary differential equation:

dx

= N
51, | o T

x(ty) = x,

The methods will use a computational grid:
45.2. t,=t,+nh

where £ is the grid size.

First-Order Methods

Forward Euler method (first-order explicit method)

45.3. x(t+h)=x(t)+hf(x(2), 1)

Backward Euler method (first-order implicit method)

454. x(t+h)=x(@)+hf(x(t+h),t+h)

Second-Order Methods

Mid-point rule (second-order explicit method)

X =x()+ gf(x(t), )
45.5. A
x(t+h)=x(t)+ hf(x*’ t+§)

Trapezoidal rule (second-order implicit method)

45.6. x(t+h)=x@)+ %{f(x(t), D+ f(x(@+h), t+h)}

Heun’s method (second-order explicit method)
X =x()+hf(x@), )

45.7. x(t+h)= x(t)+g{f(x(t), D+ f(x", t+h)}
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240 NUMERICAL METHODS FOR ORDINARY DIFFERENTIAL EQUATIONS

Single-Stage High-Order Methods
Fourth-order Runge—Kutta method (fourth-order explicit method)

1
458. x(t+h)= x(t)+g(Fl +2F, +2F, + F))

where

F F h
F =hf(x, 1), Fzzhf(x+?l,t+§j, F3=hf(x+?2,t+5), F,=hf(x+F,,t+h)

Multi-Step High-Order Methods
Adams-Bashforth two-step method

45.9. x(t+h)=x(t)+h @ FOx(0), 1) - % Fx(t—h), t— h))

Adams-Bashforth three-step method

45.10. x(t+h)=x(t)+h (% flx(), 1)— % Fx(t—h), t—h)+ % f(x(t—2h), 1- 2h))
Adams-Bashforth four-step method

45.11.  x(t+h)= x(t)+h(§ f(x(t),t)—i—z f(x(t—h),t—h)+% f(x(t—zh),t—zh)—zi4 f(x(t—3h),t—3h))
Milne’s method

45.12.  x(t+h)=x(t—3h)+ h@ flx(), 1)— % fx(t—h), t—h)+ g f(x(t—2h), 1 - 2h))
Adams-Moulton two-step method

45.13. x(t+h)=x@)+ h(%f(x(t +h),t+h)+ %f(x(t), 1 — éf(x(t —h), t— h))

Adams-Moulton three-step method

3 19 5 1
4514. x(@t+h)y=x@)+ h(g fx@+h),t+h)+ ﬁf(x(t),t) - af(x(t —h),t—h)+ ﬁf(x(t —2h),t - 3h))



4 6 NUMERICAL METHODS for PARTIAL

DIFFERENTIAL EQUATIONS

Finite-Difference Method for Poisson Equation

The following is the Poisson equation in a domain (a, b) X (c, d):

T
46.1. Vu=f, Vi=—s+—
u=f ox* 9y’

Boundary condition:
46.2. u(x,y)=g(x,y) forx=a,b or y=c,d
Computation grid:

46.3. x,=a+ilAx fori=0,1,...,n
y;,=c+jAy forj=0,1,...,m

where Ax = (b —a)/n and Ay = (d — ¢)/m are grid sizes for x and y variables, respectively.

Second-order difference approximation

46'4' (D3+Df)u(xi,yj)=f(xi,yj)

where
u(x,,,,y;)—2u(x;,y,)+ulx,_,,y,
u(x;,y )= 2u(x,y.)+ulx,y,
Du(x,.y,)= (x5 Y541) ( 2y,) (x5 y,.0)
Ay

Computational boundary condition

46.5.  u(xy,y;)=g(a.y,), u(x,,y;)=gb,y;) forj=1,2,....,m
u(x;,y,) = 8(x;,0), u(x;,y,)=g(x,d)  fori=1,2,...,n

Finite-Difference Method for Heat Equation

The following is the heat equation in a domain (a, b) X (¢, d)*x (0, T):

du _ Vi

46.6. o
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242 NUMERICAL METHODS FOR PARTIAL DIFFERENTIAL EQUATIONS

Boundary condition:

46.7. u(x,y,t)=g(x,y) forx=a,b or y=c,d

Initial condition:
46.8. u(x,y,0)=u,(x,y)
Computational grid:

46.9. x,=a+iAx fori=0,1,...,n
y,=c+ jAy forj=0,1,...,m
t, = kAt fork=0,1,...,

where Ax = (b —a)/n, Ay = (d — c)/m, and At are grid sizes for x, y and ¢ variables, respectively.

Computational boundary condition

46.10. u(x,,y;)=g(a,y;), u(x,,y;)=g(b,y;)  forj=12,...m
u(x,,yy) = g(x;,0),u(x;,y,)=g(x,,d)  fori=12,...,n

Computational initial condition

46.11. u(xi,yj,0)=u0(xi,yj) fori=1,2,...,n;j=0,1,...,m
Forward Euler method with stability condition
46.12.  u(x;,y;,t,,) =u(x,,y,t,)+ At(D? + D_f)u(xl.,yj,tk)

2At  2At
2 + 2 =
Ax™ Ay

46.13.

Backward Euler method (unconditional stable)
46.14.  u(x,,y..t,,) =u(x,.y;.t,)+ A(D; + D)u(x,,y,.1,.,)
Crank-Nicholson method (unconditional stable)

46.15.  u(x,y;t,,) =ulx,y, )+ At(Df + Dyz){u(xi,yj,tk) Fu(x;,y;,t,,)42

Finite-Difference Method for Wave Equation

The following is a wave equation in a domain (a, b) X (c, d) % (0, T):

az
46.16. a—t? = AV

where A is a constant representing the speed of the wave.
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Boundary condition:

46.17. u(x,y,t)=g(x,y) forx=a,b or y=c,d
Initial condition:
Ju
46.18. M(X,Y,O)ZMO(X,)’), EM(X,)’,O)ZH](X,)’)

Computational grids:

46.19. x,=a+iAx fori=0,1,...,n
y,=c+ jAy forj=0,1,...,m
t, = kAt fork=-1,0,1,...

where Ax = (b — a)/n, Ay = (d — c¢)/m, and At are the grid sizes for x, y, and ¢ variables, respectively.

A second-order finite-difference approximation
46.20. u(x,-,yj> tk+]) = 2u(xi7yj’ tk) - u('xi’yj’ tkfl) + Al‘2142(DA2 + D}zv)u(xi’yj’ tk)

Computational boundary condition

46.21. u(xo,yj):g(aayj)au(-xniyj):g(b9yj) fOrj=1,2,...,m
u(x;,y,) = g(x,,0)ulx,,y,)=gx,d) fori=1,2,...,n

Computational initial condition
46.22.  u(x;,y;t))=uy(x;,y;) fori=1,2,...,n;j=0,1,...,m

u(xi,yj,t_l)=uo(xl.,yj)+At2u,(xi,yj) fori=1,2,...,n;j=0,1,....m

Stability condition

46.23. Ar< Amin(Ax,Ax)



4 7 ITERATION METHODS for LINEAR
SYSTEMS

Iteration Methods for Poisson Equation

The finite-difference approximation to the Poisson equation follows:

471, (wy, tutu g, tu o —du = for i,j=1,2,...,n—1

uo,jzun,j:O forj=1,2,...,n—1

u,=u,=0 fori=1,2,....,n—1

Three iteration methods for solving the system follow:

Jacobi method

k

1
472, uif =

i,j i-1,j i,j+1 +u

k
i j—1 _fi,j)

Gauss-Seidel method

k+1
i.j

k+1 k k+1
473. u Ut )

L
= Z(“m,j tu_,;

Successive-overrelaxation (SOR) method

1
* k # k
47.4 U, ; = Z(”m,j + Uiy + U; i1

u' =(1-ou; +ou

i~ fiy)

Iteration Methods for General Linear Systems

Consider the linear system

47.5. Ax=0>

where A is an n X n matrix and x and b are n-vectors. We assume the coefficient matrix A is partitioned as
follows:

476. A=D-L-U

where D = diag (A), L is the negative of the strictly lower triangular part of A, and U is the negative of the
strictly upper triangular part of A.
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ITERATION METHODS FOR LINEAR SYSTEMS 245

Four iteration methods for solving the system follow:
Richardson method

477, xX*'=I-A)x +b

Jacobi method
478. Dx*"'=(L+U)x"+b
Gauss-Seidel method

479. (D-L)x""' =Ux"+b

Successive-overrelaxation (SOR) method

47.10. (D-wL)x""' =wUx" +b)+(1-w)Dx"



Section XllI: Turing Machines

48 BASIC DEFINITIONS, EXPRESSIONS

A Turing machine M involves three disjoint nonempty sets:

(1) A finite tape set where B = q, is the “blank™ symbol:
A={a,a,,....,a, U {B}

(2) A finite state set where s is the initial state:

S={s,8, 081U {s} U s, s, s,

Here s, (HALT) is the halting state, s, (YES) is the accepting state, and s, (NO) is the nonaccepting state.

(3) A direction set where L denotes “left” and R denotes “right”:
d={L,R}

Definition 48.1: An expression is a finite (possibly empty) sequence of elements from A U S U d.
In other words, an expression is a word whose letters (symbols) come from the sets A, S, and d.

Definition 48.2: A rape expression is an expression using only elements from the tape set A.
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49 PICTURES

The Turing machine M may be viewed as a read/write tape head that moves back and forth along an infinite
tape. The tape is divided lengthwise into squares (cells), and each square may be blank or hold one tape symbol.
At each step in time, the Turing machine M is in a certain internal state s, scanning one of the tape symbols a,
on the tape. We assume that only a finite number of nonblank symbols appear on the tape.

Figure 49-1(a) is a picture of a Turing machine M in state s, scanning the second symbol where a,a,Ba, a,
is printed on the tape. (Note again that B is the blank symbol.) This picture may be represented by the expres-
sion o =a,s,a,Ba,a,, where we write the state s, of M before the tape symbol a, that M is scanning. Observe
that o is an expression using only the tape alphabet A except for the state symbol s,, which is not at the end
of the expression since it appears before the tape symbol a, that M is scanning. Figure 49-1 shows two other
informal pictures and their corresponding picture expressions.

[ [ ] [a]a] | [ [ [e]e]s] | [ [ [edals] [ ]
o=a;s,a;Ba a; B=s,Ba,a,a, Yy=a,a,a;s;B
(@) (b) (©
Fig. 49-1

We give formal definitions.
Definition 49.1: A picture o is an expression as follows where P and Q are tape expressions (possibly
empty):
o=PsaQ

Definition 49.2: Let o= Ps,a,Q be a picture. We say that the Turing machine M is in state s, scanning the
letter a, and that the expression on the tape is the expression Pa,Q, that is, without its state symbol 5,
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5 0 QUINTUPLE, TURING MACHINE

As mentioned above, at each step in time the Turing machine M is in a certain state s, and is scanning a tape
symbol a,. The Turing machine M is able to do the following three things simultaneously:

(i) M erases the scanned symbol a, and writes a tape symbol a, (where we permit a,= a,) in its place.
(ii) M changes its internal state s, to a state 5, (where we permit s, = sj).

(iii)) M moves one square to the left or one square to the right.

Quintuple

The above action by M may be described by a five-letter expression called a guintuple, which we define
below.

Definition 50.1: A quintuple g is a five-letter expression of the following form:

L
q=\5 4 a, s, R

Turing Machine

That is, the first letter of g is a state symbol, the second is a tape symbol, the third is a tape symbol, the fourth
is a state symbol, and the last is a direction symbol L or R.
Next we give a formal definition of a Turing machine.

Definition 50.2: A Turing machine M is a finite set of quintuples such that:
(i) No two quintuples begin with the same first two letters.
(i) No quintuple begins with s, s,, or s,.

Condition (i) in the definition guarantees that the machine M cannot do more than one thing at any given
step, and condition (ii) guarantees that M halts in state s, s, or Sy
The following is an alternative equivalent definition.

Definition 50.2": Turing machine M is a partial function from
S\{s,, s,ors } XAinto A X Sxd

The term partial function simply means that the domain of M is a subset of S\{s,, s,, or s, } X A.

Sy

Action of Turing Machine

The action of the Turing machine described above can now be formally defined.
Definition 50.3: Let o and 3 be pictures. We write

oa— B
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QUINTUPLE, TURING MACHINE 249

if one of the following holds where a, b, and c are tape letters, and P and Q are tape expressions (possibly
empty):

(i) a=Ps acQ, = PbsjcQ, and M contains the quintuple ¢ = siabsz.

(i) a=PcsaQ, = stch, and M contains the quintuple g = siabst.
(iii) a=Psa, B= PbsjB, and M contains the quintuple ¢ = siabsz.
(iv) o=sa0Q, = sJBbQ, and M contains the quintuple g = siabst.

Observe that, in all four cases, M replaces a on the tape with b (where we permit b = a), and M changes

its state from s, to 5; (where we permit 5, = s,). Furthermore:

(i) Here M moves to the right.

(i1)) Here M moves to the left.

(iii) Here M moves to the right; however, since M is scanning the rightmost letter, it must add the blank
symbol B on the right.

(iv) Here M moves to the left; however, since M is scanning the leftmost letter, it must add the blank
symbol B on the left.

Definition 50.4: A picture o is said to be ferminal if there is no picture 8 such that oc — S.
In particular, any picture ¢ in one of the three halt states must be terminal since no quintuple begins with
S, S, OLS .
H Y n



5 1 COMPUTING WITH A TURING MACHINE

The above is a static (one-step) description of a Turing machine M. Now we discuss its dynamics.

Definition 51.1: A computation of a Turing machine M is a sequence of pictures @, ¢, ,..., ¢ such that
o, > o, fori=1,2,...,m, and o, is a terminal picture.

In other words, a computation is a sequence

0= 0 —=>0,— ... >0
m

that cannot be extended since ¢ is terminal. We will let term() denote the final picture of a computation
beginning with ¢. Thus term(¢)) = ¢ in the above computation.
Turing Machines with Input

The following definition applies.

Definition 51.2: An input for a Turing machine M is a tape expression W. The initial picture for an input W
is a(W) where o(W) =5, (W).

Observe that the initial picture ot(W) of the input W is obtained by placing the initial state s, in front of
the input tape expression W. In other words, the Turing machine M begins in its initial state s, and it is scan-
ning the first letter of W.

Definition 51.3: Let M be a Turing machine, and let W be an input. We say M halts on W if there is a
computation beginning with the initial picture o/(W).
That s, given an input W, we can form the initial picture c(W) =s, (W) and apply M to obtain the sequence

oW) = o, — o, — -
Two things can happen:
(1) M halts on W. That is, the sequence ends with some terminal picture c.
(2) M does not halt on W. That is, the sequence never ends.

Computable Functions

Computable functions are defined on the set of nonnegative integers. Some texts use N to denote this set. We
use N to denote the set of positive integers, so we will use the notation

N,={0,1,2,3, ...}

Throughout this section, the terms number, integer, and nonnegative integer are used synonymously. Here we
show how M manipulates numerical data. First, however, we need to be able to represent our numbers with
our tape set A. We will write 1 for the tape symbol ¢, and 1" for 111 ... 1, where 1 occurs n times.

Definition 51.4: Each number n will be represented by the tape expression (n) where (n) = 1"*!. Thus,

@=11111=15, (Oy=1, ()=111=1"
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COMPUTING WITH A TURING MACHINE 251

Definition 51.5: Let E be an expression. Then [E] will denote the number of times 1 occurs in E. Thus,
[11Bs,a, 111Ba,] =5, la,s,Ba,] =0, [(n)]=n+1.

Definition 51.6: A function f: Nj — N is computable if there exists a Turing machine M such that, for
every integer n, M halts on (n) and

fln) = [term(oc({n))].

We then say that M computes f.
That is, given a function fand an integer n, we input {n) and apply M. If M always halts on {n) and the num-
ber of 1s in the final picture is equal to f(n), then f is a computable function, and we say that M computes f.



5 2 EXAMPLES

Example 1: Let M be a Turing machine. Determine the picture ¢ corresponding to each situation:

(a) M is in state s, and scanning the third letter of the tape expression w = aabca.
(b) M is in state s, and scanning the last letter of the tape expression w = abca.

(¢) The input is the tape expression w = 1*B12,

The picture ¢ is obtained by placing the state symbol before the tape letter being scanned. Initially, M
is in state s, scanning the first letter of an input. Thus,
(@) a=aas,bca; (b) = abcs,a; (0) a=s,1111B11.

Example 2: Suppose o = aas,ba is a picture. Find 8 such that & — B if the Turing machine M has the
quintuple g where (@) g = s,bas L; (b) q = 5,bbs.R; (¢) q = s,bas,R; and (d) q = s,abs L.

(a) Here M erases b and writes a, changes its state to s,, and moves left. Thus, B= as, aaa.

(b) Here M does not change the scanned letter b, changes its state to s,, and moves right. Thus,
B =aabs.a.

(c) Here M erases b and writes a, keeps its state s,, and moves right. Thus, 8= aaas a.

(d) Here g has no effect on o since g does not begin with s.b.

Computable Functions
Example 3: Find (m) if (a) m=5; (b) m= (4,0, 3); and (¢c) m = (3, -2, 5).
Recall (n) = 1"*' = 11" and {(n, n,, ... nr )) =(n,) B{(n,)B ... B(n ). Thus,
(@) (my=1°=111111.
(b) (my=1°B1'B1*=11111B1B1111.
(¢) {m) is not defined for negative integers.

Example 4: Find [E] for the expressions:
(a) E=alls,Bb111; (¢) E={(m)ywhere m= (4,1, 2);
(b) E = aas,bb; (d) E={m)wherem=(n,n,...,n).
Recall that [E] counts the number of 1s in E. Thus,
(a) [E]l=35; (b) [E]1=0; (c) [E] =10 since E = I°B1?°B13
(d) [E]=n,+n,+ -~ +n_+rsince the number of 1s contributed by each n, to E'is n, + 1.
Example 5: The function f(n) = n + 3 is computable. The input is W = 1"*!. Thus we need only add two 1’s
to the input. A Turing machine M that computes f follows
M= {‘11’ q, q3} = {so Ls,L, s,Bls L, slBlsHL}
Observe that:
(1) g, moves the machine M to the left.
(2) g, writes 1 in the blank square B and moves M to the left.
(3) g, writes 1 in the blank square B and halts M.
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EXAMPLES 253

Accordingly, for any positive integer 7,
s, I = s B1" — 5 B1"? — 5, B1",
Thus M computes f(n) = n + 3. It is clear that, for any positive integer k, the function f(n) = n + k is

computable.

Example 6: Let f'be the function f(n) = n — 1, when n > 0 and f{0) = 0. Show that fis computable.
We need to find a Turing machine M that computes f. Specifically, we want M to erase two of the 1s in
the input (n) when n > 0, but only one 1 when n = 0. This is accomplished with the following quintuples:

q,=s,1Bs R, q,=s,BBs,R, q,=s,1Bs,R

Here g, erases the first 1 and moves M right. If there is only one 1, then M is now scanning a blank symbol
B, and g, tells the computer to halt. Otherwise, ¢, erases the second 1 and halts M.



Section XIV: Mathematical Finance

53 BASIC PROBABILITY

53.1. Standard normal random variable Z

_ L e
f(X)—me

®(x)=P(Z<x)= L, !

NGz

6—12/2 dZ

53.2. Normal random variable X
1 -(x-p)* /207
X)=——c¢
fx) g
where t is the expected value, and 62 is the variance.

X —
Z= 1 is a standard normal random variable.

53.3. Lognormal random variable Y
Y =¢*, X is a normal random variable
E(Y)= e/.z+c72/2

204202 2u+0?
Var Y =e’**% — 0

53.4. Discrete-time Brownian motion with drift parameter ¢ and variance parameter o2, for every A time
units,
Xt+AN)=x(t)+X, X normal random variable with yA, and ¢>A

53.5. Binomial model for Brownian motion

X(nA)=X(0)+0JAX, +---+X,)

X =

i

1 with probability p
—1 with probability 1— p

where
p= l(l + L4 \/Z)
2 o
E(X(nA)—X(0)) = unA

Var (X(nA)—X(0))=o’nA - u’nA*> = o’t,as A —= 0, nA —t
By central limit theorem
x(t)— x(0) ~ N(ut,c’t),
x(t) approximates Brownian motion with drift parameter ( and variance parameter o2.
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BASIC PROBABILITY 255

53.6. Geometric Brownian motion with drift parameter ¢ and variance parameter ¢

S(t)=e*",

where X(¢) is a Brownian motion with drift parameter ¢ and variance parameter 6>

53.7. Discrete-time geometric Brownian motion

S(t+A)= S(r)eX "V x0
53.8. Binomial model for geometric Brownian motion
1 u oA oA
P=— 1+—\/Z, u=e°"", d=e
2 o
with probability p up u factor and probability 1 — p down d factor.

53.9. Multi-period binomial stock model:
The price S(i) of a stock at the end of period i, i =1, 2, ..., n. The period is A and hence ¢, = iA. The initial
price S(0) is non-random and fixed. The stock price S(i) is random, going up or down probabilistic rules:

uS(i — 1), with probability p
Si-1) <
dS(i — 1), with probability 1 —p



54 INTEREST RATES

54.1. Borrow an amount P (called the principal) for a time 7 = with simple interest rate r. The amount to
be repaid at time T'is (1 + r)P.

54.2. Borrow an amount P for ¢ years at a nominal interest rate of r per year compounded continuously.
The amount owed at time ¢ years is Pe".

54.3. The present value of a payoff of v to be made at time period i is V(1 +7)™".
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5 5 ARBITRAGE THEOREM AND OPTIONS

55.1. A sure-win investment scheme is called an arbitrage.

55.2. The law of one price: two investments with the same payoff, then either there is an arbitrage or the
two investments have the same costs.

55.3. Selling it short: you sell a stock that you do not own.

55.4. European-style call option: option of calling/buying for the stock at a specified price K (known as
the exercise or strike price) at the expiration time ¢. The current price of stock S and the cost of the call
option C.

55.5. European-style put option: option of selling/putting for the stock at a specified price K (known as
the exercise or strike price) at the expiration time ¢. The cost of the call option P.

55.6. American-style option: allows the buyer to exercise the option at any time up to the expiration time ¢.

55.7. Putcall option parity formula:
S+P-C=Ke™"

No-arbitrage pricing:
Investment 1: buying one shear stock, buying one shear put option, and selling one shear call option.
Costs S+ P-C.

Investment 2: putting Ke " money in bank. Costs: Ke™". No-arbitrage pricing: S+ P—C = Ke™".

55.8. American-style call option price = European-style call option price.

55.9. Forward contract F on stock: agrees at time 0 to pay the amount F at time ¢ for one share of the
stock at time ¢ with current value S.

F=Se"

No-arbitrage pricing:

Investment 1: Put Fe™" in the bank and purchase a forward contract. Costs Fe™".
Investment 2: Buy the stock. Costs: S.

No-arbitrage pricing: Fe™" = S.

55.10. Forward contract F on currency: agrees at time 0 to pay the amount F at time ¢ for one unit of for-
eign currency at time 7 with the current exchange rate S. The interest rate in the foreign country is I and
the interest rate in (the) home country is .

F=Se""

No-arbitrage pricing:

Investment 1: Put Fe™" in a home bank and purchase a forward contract. Costs: Fe ",

Investment 2: Buy e ' units of foreign currency and put them in a foreign bank. Costs: Se”"”'.
7er

No-arbitrage pricing: Fe ™ = Se
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5 6 ARBITRAGE THEOREM

AN N AW =

. Leti=1,2,...,n be n investments,

. Let j=1,2,...,m be m outcomes,

. Letr,(j) be the return from investment i when outcome j occurs,
. Let p; be the probability of outcome j,

. Let x; be the allocation (wager) on investment i,

. Let r be the risk-free return.

The arbitrage theorem: Exactly one of the following is true:

. There exists a probability vector p = (p,,...,p,,) for which for every i

Y pr(j)=0
j=1

This probability of existence is called the risk-neutral probability.

. There exists an allocation x = (x,,...,x,) for which for every j

ixiri(j)>r

i=1

258



5 7 BLACK-SCHOLES FORMULA

* Risk-neutral geometric Brownian motion with drift parameter y, = r — o / 2 and variance parameter ¢2:
S(t)=e*",

where X(¢) is a Brownian motion with drift parameter u, =r—oc" / 2 and variance parameter ¢~

* Under the risk-neutral geometric Brownian motion, S(¢)/S(0) is a log-normal random variable with
mean parameter (r — / 2)t and variance parameter ¢,

» No-arbitrage cost of a call option to purchase the security at time ¢ for the specified price K is

C=e¢"E[S()-K),]=e"E[(S(0)e" - K),]

where W is a normal random variable with mean (r — o /2)t and variance ot.
* Black-Scholes option pricing formula:

C(8.1.K,0.,r) = 5®(w) - Ke " ®(w - o+1)

o rt+0°/2-log(K/S)
- ot

where ®(x) is the standard normal distribution function.
* European put option formula:

P(S,t,K,0,r)=C(S,t,K,0,r)+Ke™" =S

¢ Risk-neutral multi-period binomial stock model:
» Risk-neutral probability

1 -0%/2
p,, = E[H- ¥JZ} u=e", d=e"
o

The price S(i) of a stock at the end of period i, i =1, 2, ..., n. The period is A, and hence ¢, = iA. The
initial price S(0) is non-random and fixed. The stock price S(i) is random, going up or down probabilistic

rules:
uS(i — 1), with probability p
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